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Dedicated to Professor Gerrit van Dijk on the occasion of his sixty fifth birthday

ABSTRACT. We classify the completely integrable systems associated with clas-
sical root systems whose potential functions are meromorphic at an infinite
point.

1. INTRODUCTION

A Schrédinger operator

noog92
(1.1) P:Z@JFR(Q;)
j=1 "7
with the potential function R(z) of n variables = (21,...,xz,) is called completely
integrable if there exist n differential operators P, ..., P, such that
[P, Bl =0 (1<i<j<n),
(1.2) PeC[P,...,P,)],

Py,..., P, are algebraically independent.

In this note P is called to be completely integrable of type B,, or of classical type
if P, and R(z) in the above are of the forms
n a2k
(1.3) P, = Z 922F + Qk with ord Qf < ord Py,
j=1""7

(1.4) Ra)= Y (ug e = o)+ uf(a+ ;) + 3 velan).
k=1

1<i<j<n

Here uzij and v, are functions of one variable.

The systems of differential operators satisfied by the radial parts of zonal spher-
ical functions or Whittaker functions on Riemannian symmetric spaces of the non-
compact and classical type, Heckman-Opdam’s hypergeometric equations (cf. [HOJ),
Calogero-Moser and Sutherland systems for one dimensional quantum n-body prob-
lems (cf. [OP1], [OP2]) and Toda finite chains associated with (extended) classical
Dynkin diagrams are their examples.

We remark that [Wa] proves that if the potential function R(z) is locally defined
and analytic, then the condition (1.2) with (1.3) assures (1.4) and moreover R(x)
is extended to a global meromorphic function on C™ except for a trivial case corre-
sponding to Type A; in Theorem 4.8 (cf. [O¢] for type By and [OS] in the invariant
case).

In [O0S], [0S], [02] and [OO] this integrable system was determined under the
condition that P is B,-invariant, namely, u;;, u;; and v, are even functions and
do not depend on 7, j and k and u;; = u;;. On the other hand [Oc|, [Ta] and [Wa]
determine it if R(x) has certain singularities.
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We assume in this note that R(z) is meromorphic at ¢ = 0 under the coordinate
system

1.5 ti=e @mma) (=1 . n—1), t,=e "
J

and classify the Schrédinger operator (1.1) which allows a differential operator Py of
the form (1.3) satisfying PP, = P, P. We note that the above examples with non-
rational potential functions satisfy this assumption. In the first example this follows
from the fact that the invariant differential operators on a Riemannian symmetric
space have analytic extensions on a smooth compactification of the space (cf. [O1]).
We determine R(z) by Theorem 4.8 and Remark 4.7 in §4. This theorem is the
main result of this note and proved by using §2 and §3. The result implies that
the system is the invariant quantum integrable system classified by [OOS] or its
suitable limit (cf. [I], [IM], [Ku], [KT], [Ru], [vD] and [vD2]). Moreover it is shown
in [O3] that the integrals P1,..., P, are those given in [O2] or their suitable limits.
If R(z) is analytic at t = 0, we say that R(x) has regular singularity at the
infinite point ¢ = 0. Such potiential functions are also classified in Corollary 4.10.
In §3 the potential function R(z) is determined when n = 2.
In §2 we study the potential function R(x) when u;; = v, = 0, which we call to
be of type A,,_1.

2. TYPE A,,—1 (n > 3)

In this section we study the Schrodinger operator
2

n a ~
(21) P = Z @ + Z u”(xl — I'j)
7j=1

J1<i<j<n

which allows a differential operator

83
2.2 = —+ S ith ord S < 3
( ) Q Z 81:i8;z:j6xk + wi o <
1<i<i<k<n
satisfying [P, Q] = [Z;‘L:1 %, ] = 0. Then the proof of [OOS, Proposition 4.2]

implies that the existence of @) is equivalent to
(2.3) Z Uijk =0
1<i<j<k<n
with
(2.4)
Uijr = ujk:(tj ceetio1) (ti .. 'tj—lugj(ti .. 'tj—l) +t;-- 'tk—lugk(ti .. '%—1))

+ Uik(ti - tkfl)(—ti .. ~tj71%-(ti .. ~tj,1) + tj - tkflu;k(tj - tkfl))
— uij(ti .. 'tjfl) (ti .. -tkq%k(ti cotpo) + b tk—luzk(tj .. 'tk—l))

by putting u;;(e”¥) = @;;(y). We assume that R(z) is holomorphic for 0 < [t] < 1
under the coordinate system (1.5) which corresponds to the expression

(2.5) u;i(s) = Z cJs” (¢ =0) converge for 0 < |s| < 1.
veZ

We assume ¢ = 0 without loss of generality and expand (2.3) into the power series.
Then the terms (t;---t;—1)P(¢; - tp—1)? Withp #0, ¢ #0, pF# gand i < j < k
appear only in Uy, and therefore if p # 0, ¢ # 0 and p # ¢, we have

ik

Lo o N
Cq Pey + Cqpply =g (P = A)ep_g + 6 (a0 = P)egmy — 6l gacy — ¢laeg” =0
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and hence
ij gk ik 1k
(p—q)ci el —pel jciF + qelt i = 0.
Denoting
(2.6) Uij(t)= Y CIt" with ¢ =vCY,
veZ\{0}
we have
(2.7) uij(t) = tU}(t),
1, 7, 1 13 7
(2.8) pa(p — q)(CHCIk — 7 Cik — CIF CiF) =
Then (2.3) is equivalent to
(2.9) (Ui (5) + Uin(t) = Uin(st))* = V() + V¥ (1) = Vi (st)

with suitable functions V;;jk, V;,gk and kajk for1<i<j<k<n

Remark 2.1. If (U;;(t), U;i(t), Ui (t)) satisfies (2.9) with suitable V;;, Vji, and Vi;,
then (Uj(t),Us;(t), Uik(t)) and (cUij(at™),cU;k(bt™), cUik(abt”)) have the same
property for any complex numbers a, b and ¢ and a positive integer r with ab # 0.

Proposition 2.2. The solution (U;j, Uk, Us) of (2.9) with (2.6) is one of the
followings and it satisfies Usj, = 0.

i) Two of {U;j,Ujk, Ui} are zero and the other one is any function.

ii) (Uij, Ujk, Ui,) = (at”™,bt",ct™") for any a, b and c € C and r € Z \ {0}.

act” bet” abct”

i) (Usg, Usno Usk) = (5= T T )
bers a, b and ¢ and a positive integer .

Proof. All the solutions of the equation (2.9) are obtained by [BP] and [BB] (cf. [OO,
Remark 2.3]), which implies this proposition. But we will give a simple proof under
the assumption that the origin is at most a pole of U;;, U and Uy.

Suppose one of U;;, Ujg, Uy, is zero and the other two are not zero. If U;; = 0
and C7* #£ 0, then we have p(m—l—p)mC,JfC’;k = 0 and therefore C;;k =0forp # —r,
C* # 0 and CJ* = 0 for m # r. Thus we have ii). We similarly have ii) in the
other two cases.

Hence we may assume that any one of {Uij7 Ujk, Ui} is not zero. Define Iy, €
Z \ {0} such that CfoL # 0 and C“™ = 0 for v < Iy,. Then (2.8) shows

with any non-zero complex num-

©j ik iJ ik 7
(2.10) Lijlin(Lij — L) (CY C, = CF,_y, CL, = C1, _p, C5) = 0.

Suppose I;; > 0 and I;; > 0. Then (2.10) means I;; = I, which we put r, and
therefore (2.8) with ¢ = r and that with p = ¢ + r mean

ij ik ij kY _
(2.11) pr(p —r)(C/CF = CL,.CF) =0 for p >0,
(2.12) (¢ +r)qr(C,.CiF — CICiF) =0,
respectively.

If C}% = 0, it follows from (2.11) that C}J = 0 for p # r by the induction on p
and we have similarly C’gk = 0 for ¢ # r by the symmetry between U% and U’*
and finally Cék = 0 for ¢ # —r by (2.12). Hence this case is reduced to ii) with
r > 0.

Suppose Ci¥ = 0. Then by Remark 2.1 we may assume C¥ = Cik = CiF
by a suitable transformation (s,t) — (at,bt) and moreover by (2.11) that U;; =
e> 02t and similarly Uj, = ¢ Y0 | t™. Then (2.12) means Uy, = Uy, + 't 7"
Finally we have ¢’ = 0 by (2.10) with p = 2r and ¢ = —r and get U;; = Uji, = Uss.
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Lastly we may assume I;; < 0 by Remark 2.1. Then (2.8) with p = I;; + L,
and ¢ = I, implies I;; > 0 and that with p = I;; and ¢ > 0 means C’gk =0
for ¢ > 0. Hence I, < 0 and similarly we have C}J = 0 for p > 0. More-
over (2.8) with p = ¢ + I;; shows Ci¥ = 0 for sufficiently large integer ¢. Then
(Ui (t71), U (t71), Ui (t™1)) is also a solution of (2.9) and this case is reduced to
the case when I;; > 0 and I;; > 0 and therefore we have i) with » < 0.

Note that it is easy to see that the given functions in the proposition satisfy
Uijk = 0 (cf. Remark 2.1). O

Remark 2.3. If t = e™7, then
d

tﬁ(atr) =art” =are ",
d at” art” . . _ogrx—loga
—_— = = h .
dt(l—atr> 1—aryz M 2
3. TYPE B,
In this section we study the following commuting differential operators.
0? 0?
P=—+—+R
(3.1) 0 .
Q—W+S with ord S < 4,
[P, Q] =0.

Note that P, = P? —2@Q in (1.3). First we review the arguments given in [OO]
and [Oc]. Since P is self-adjoint, we may assume @ is also self-adjoint by replacing
o't

@ by its self-adjoint part if necessary. Here for A = " a;; (x,y)WBJyj we define

A =5 (—1)itI a‘z%g;jaij(x, y) and A is called self-adjoint if ‘A = A. Then
R(w,y) = u' (@ +y) +u” (@ —y) +v@) +w(y),

02 + —u(z—y)\" 02 02

+o()w(y) +T(z,y),

and the function T'(z,y) satisfies

(3.3)
2% =Wz +y) —u(z y))&f?;w +2w(y)a%(u+(x+y) —u(z—y)),

Conversely , if a function T'(x,y) satisfies (3.3) for suitable functions u*(t), v(t)
and w(t), then (3.1) is valid for R(z,y) and @ defined by (3.2).
We have the compatibility condition

(3.4)
3% ((u+($ +y)—u (z—y)) 82%:) n 2v(a:)%(u+(x ty)—u(z— y)))

:a%((“+($ +y)—u (z—y)) aggj’) + 2«1;(;/)%(“(3C by)—u(z— y)))

for the existence of T'(z,y).
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Definition 3.1 (Duality in By). Under the coordinate transformation
r+y r—y

3.5 z,y) ,

35) (@)= (5L

the pair (P, %Pz — Q) also satisfies (3.1), which we call the duality of the commuting
differential operators of type Bs.

Denoting 9, = Bx’ Oy ay and put

L=P*—4Q—(9;—0;+v(x)—w(y))*—2u™ (z—y) (0 +9y)* —2u™ (z+y) (0> — 9,)*.
Then the order of L is at most 2 and the second order term of L equals

2wt +uT v+ w)(0F + ;) — Aut —uT)0,0, — 4wdi — 4,

—2(v —w)(0? — 82) —2u™ (0y + 0y)* — 2ut (0, — 9,)% =

Since L is self-adjoint, L is of order at most 0 and the 0-th order term of L equals

(0% + 5‘5)(u+ +u” +v+w)+ W uT v+ w)? —dow+T) — 20,0, (uT —u”)

— (05—8;)(11—11)) =@ +u +v+w)? —4(vw+T)

and therefore we have the following proposition.

Proposition 3.2. i) By the duality in Definition 3.1 the pair (R(:c,y),T(x,y))
changes into (R(x,y%f(m,y)) with

5 T+y -y _
R(z,y)=v 4w +ut (V2z) + v (V2y),
. (2,y) 1(\@) (\/E) (V2r) (+y)

' 7 _ 15 2 (THY T—Y\ Tty T—y

T(z,y) = 4R(a?,y) v( 7 )w( 7 ) T( 7 7 )

ii) Combining the duality with the scaling map R(z,y) — ¢ 2R(cx,cy), the fol-
lowing pair (Rd(x7y),Td(x7y)) defines commuting differential operators if so is
(R(z,y),T(z,y)). This R*(z,y) is also called the dual of R(x,y).

(3.7) Ri(z,y) = v(a +y) + wz —y) +ub(22) +u(2y),
Tz, y) = 1R (z,y)* —v(z + y)w(z —y) — T(x +y,x — y).

Now we give a list of the solutions of (3.4) and (3.3). They are suitable limits

of the invariant solutions studied in [OO] and many of them are given in [Oc].
Case I: (Any-A;)+(Any-A;) v =w =0 and w and v are arbitrary functions.
Case II: v =u~, v =w and (u™;v) is in the following list.

(Trig-Bs) ((sinh™2 \t); (sinh™22)\t, sinh™2 At, cosh2Xt, cosh4At)),
(Trig-Bs-S) ((sinh ™2 \t, sinh™22)); (sinh™22\t, cosh4At)).

Case III: u™ = u~, (uT;v,w) is in the following list.

(Toda-Dsg () -bry)  ((cosh2At); (sinh™2 At, sinh™22At), (sinh™2 At, sinh™2 2At)),
(Toda—D( -S-bry) ((cosh Xt, cosh2At); (sinh™2 At), (sinh™2 At)),
(Toda—B( ) -bry) ((e=2M); (M) M) (sinh™2 At, sinh™2 2Xt)),
(Toda- B Vg bry) ((e™™, e 2M): (22 (sinh ™2 At)).

Case IV: v = w, (u™,u™;v) is in the following list.
(Trig-A;-bry) (0, (sinh™2At); (e72M e74AL AL (AALY)
(Trig-A;-S-bry) (0, (sinh™2 At, sinh™22)t); (e~ eY).



6 TOSHIO OSHIMA

Case V: (u™,u™,v,w) is in the following list.
(Toda—CQ(I)) (0, (e, (X, €M), (e, e~2X),
(Toda-C{V-S) (0, (e, e=2MY, () (e~ 2MY),
In the above () means an arbitrary linear combination of given functions and, for

example, (Trig-Bs) implies

ut(t) = u=(t) = Cosinh ™2 \t,
v(t) = w(t) = Cy sinh™2 2\t 4+ Cy sinh ™% Xt + C cosh 2\t + Cy cosh 4\t

with any complex numbers Cy, Cy,...,Cy and a suitable A € C\ {0}.
According to our assumption, put

t=eY, s=e "tV

T +y) = Zu*‘sltm Zu st

i>r i>r
(3.8) - ,
= Z ’Ujsjt]7 U}(y) = Z wjtjv
j>r! jzr’
ul;tzvj:wkzo ifi<r j<r and k<r”.
D G+ 520+ Gy (u 27— ut7) s
i>r
i>r
(3.9) = \
Z ( (20 + 5) (i + j wjuf 27 — (20 — 5) (i —j)wju;tj)sz
27
j>r"

and the coeflicients of sPt9 mean
(3.10) pquap—qug_, — (2D — Q)vqu,_y = 4(q — P)wy—2pu} — (20 — @)(p — Q)wu,
Putting
(311) {Uf(t) = Yoo, Ut V() = s, Vit and W(E) = 35,0 Wit
u=(t) = t(U ) (t) +uE, v(t) =tV'(t) + vo and w(t) = tW'(t) + wo,
we have
(312)  pa(2p— q)(p — q) (Vap—qUy"p + VaUy_y + Wo—apU,S = WoU, ) =
which is equivalent to
(3.13) V(st)(UT(st?) + U (s)) + W(t) (Ut (st>) = U (s))
= Fi(st®) + F5(s) + G1(st) + Ga(t)

with suitable functions Fy, Fa, G and Gy (cf. [Oc, Proposition 2.4]). Thus we have
the following proposition.

Proposition 3.3. For the functions (U, V, W, F|, [y, G1,G>) satisfying (3.13) we
have the commuting differential operators (3.1) and (3.2) by putting

ut(t) = E)tUi( O+ C', v(t) = 0V (et) + C, w(t) = oW (et) + C,
T(x,y) = 5(83 = 32) (VIen) (U () + U (e571)) = Ga(e"))

+C(u+(m+y) —&—u’(:r—y))7
C, C'eC.

(3.14)
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Now we put
S(By) = {(UT(t), U~ (), V(t),W(t)); U=,V and W are meromorphic

(3.15) : : :
in a neighborhood of 0 and they satisfy (3.13)}.

Remark 3.4. i) Since the constant terms Uoi, Vo and Wy have no effect on the
equation (3.12) and on the original functions v, v and w, we will identify two
functions appearing in the solutions of (3.12) if they only differ in their constant
terms.

i) If (UT(t),U(t)) = 0 or (W(t),V(t)) = 0, then (3.12) is always true. We
call such (UT, U, W, V) € 8(Bs) a trivial solution of (3.13).

We summarize elementary transformations acting on S(Bz).

Lemma 3.5. Let (U (), U~ (t),V(t),W(t)) € S(Ba).

i) (dual) (V(t),W(t),U"(t?),U(t*)) € S(Ba).

i) (bilinear) If (U (¢), U~ (¢), S(t),T(t)) € S(Bz), then (aU™(t),alU~(t),bV (t)+
cS(t), bW (t) + ¢T'(t)) € S(Bs) for a,b,c € C.

iii) (translations) (U™ (ab®t), U~ (bt), V (abt), W (at)) € S(Bz) for a,b e C\ {0}.

iv) (scaling) If (U*(t"), U~ (t"),W(t"), V(")) is well-defined for a suitable r €
Q\ {0}, it is in S(B2).

v) (symmetry) If W(t) is a rational function, the reﬂection (x,y) — (33 —y) can

S

be applied to the solution and then (U~ (t),UT(t), V(¢ (t™1) € S(B

vi) (symmetry) If U~ (t) is a rational function, the reﬂectwn (x,y) ( Yy, x) can
be applied to the solution and then (U (t),—U~(t™1) W(t)eS

The lemma is a direct consequence of the definition of S(Bg). For example, i)

follows from
UT(£2s*)(V(ts®) + W(t)) + U (s*)(V(ts®) — W(t))
= (1) + Fi(s?) + Ga(t25%) + G4 (ts?).

Note that the transformation in Lemma 3.5 vi) is equals to a certain composition
of transformations in Lemma 3.5 i), iv) and v).

Definition 3.6. If a solution of (3.13) obtained by applying transformations in
Lemma 3.5 to an original solution, it is called a standard transformation of the
original solution.

We will study non-trivial solutions of (3.13). Considering standard transforma-
tions, we may assume

(3.16) (UF,U7) = (1,1) or (1,0) or (0,1).

Proposition 3.7. Suppose (UT(t),U~(t), V(t),W(t)) is a non-trivial solution of
(3.13) with (3.11).

i) U%(t), V(t) and W(t) are rational functions.

ii) ([Oc, Theorem 2.3]) If W(t) has a pole at t = 1, then UT(t) = U~ (t) and
Wt +W(t)=0. IfU(t) has a pole at t = 1, then V(t) = W (t) and U~ (t 1)+
U(t)=0.

Here we note that this equality is interpreted in the sense of Remark 3.4.

iii) ([Oc, Corollary 3.8]) If at least two of {UT(t),U~(t),V(t), W(t)} have poles
in C\ {0}, (U, U, V,W) is a standard transformation of a solution given in the
list (Trig-Bs) - (Toda-D{-S-bry).

Proof. 1) The equation (3.12) shows W,_o, U}t = WU, if ¢ > 2|r| + |r/|. Hence
W (t) is a rational function and therefore so are U~ (¢ ) U+(t) and V(t) because of
Lemma 3.5 i) and v). O
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Lemma 3.8. i) If V(t) has a pole at the origin, then U™ (t) and U~ (t) are holo-
morphic at the origin.

ii) If Ut (t) has a pole at the origin, then V (t) and W (t) are holomorphic at the
origin.
Proof. If r < 0 and v < 0 with V;» # 0, the coefficients of s7t't™" and that of

st 12+ in (3.13) show V.U = V,uU;t = 0, which contradicts to (U, U;7) # 0.
Thus we have i) and then ii) by Lemma 3.5 i). O

Theorem 3.9. Any non-trivial solution of (3.13) corresponds to a standard trans-
formation of a solution in the list (Trig-Bs) — (Toda—Cél)—S).
Proof. We will prove this theorem divided into several cases.

Case 1: One of U, U, V, W is zero.
Proposition 3.7 assures that we may suppose V = 0. Then (3.12) turns into

(3.17) pa(2p = q)(p — ) (Wo-2pU, — W,U,) = 0.

Case 1-1: V =0, W,» # 0 and (U;},U;7) = (1,1).
Suppose 7 := —r > 0. Then (3.17) with p = —7 and ¢ = 7"/ — 27 shows

r(r" =27 (r" — F) W, U =0

and hence r”" =7 or 27. Since 7q(27 + q)(7 + q)(Wy42:U,F — W,U;") = 0,
(3.18) W(t)=at™(1 ")~ +bt* (1 — ¢*7) 1
Since W (t) = at"(1 + 7)1 if 2a + b = 0, we may assume W (¢) has a pole at
t = 1 by applying a transformation in Lemma 3.5 iii) and hence U™ (¢) = U~ (t) by

Proposition 3.7 ii).
On the other hand, (3.17) with ¢ = 7" and that with ¢ = 2p + r”” show

pr’(2p —r")(p —r")WU; =0 for p >0,
p(2p + T//)T//(p + TII)WT,/U;F =0 forp<0.

Thus we can conclude
(3.19) Uty =U"(t)=ct™ " +dt" % +et” + ft:  withbd =bf =0

because (UT(t),U~(t),0,bt" (1 — t*7)71) € S(By).

Ifr >0, rr"(2r —r")(r —r"YW,»U,” = 0 and therefore " = 2r or " = r. Then
by putting 7 = r, the equation (3.17) with p = r and ¢ > " implies (3.18) and
hence the same argument as above proves (3.19).

Hence the solution corresponds to a standard transformation of Case IV.

Case 1-2: V =0 and (U,,U,; ) = (1,0) or (0,1).

We have ¢(2r — q)(r — q)W, = 0 or pg(2r — q)(r — ¢)Wy—2 = 0. Hence W (t) =
at” 4+ bt?" with b # 0 and 7 € Z \ {0}

If a = 0, then (3.17) with ¢ = 27 implies U, = 0 for p # 0, 7, 27. If a # 0,
then (3.17) with (p,¢) = (5,37) implies Ug = 0, that with ¢ = 27 implies U, =0
for p # 0, 7, 27 and that with ¢ = 7 implies U, = 0 for p # 0, :I:g, 7. Hence
U=(t) = ¢ t" + d~t*" with ad~ = 0.

Since (UT(t71), U~ (t71),0,W(t™1)) € S(Bz), we have U™ (t) = ¢t~ " +d Tt~
with ad® = 0 and the solution corresponds to the standard transform of Case V.

Now we may assume that none of U*(t), V (t), W (t) is zero and

(3.20) Vi, #£0 and W, #0.

Lemma 3.8 and Lemma 3.5 i) assure that we may assume r > 0 except for the
following case.
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Case 2: W and U~ have poles and V and U™ are holomorphic at the origin.
Then " < 0 and r < 0. Put # = —r. The coefficients of s™"t? in (3.13) imply
W(t) =at™2" +bt~".

Case 2-1: W(t) =727 +-bt~".

The coefficients of sPt=2" imply U~ (s) = s~". Note that U~ (¢t"!) and W(t71)
are holomorphic at the origin and (U*(¢t71), U~ (t71),V(¢t™1), W(t™")) € S(Bs). If
UT(t71) has a pole at the origin, Lemma 3.8 assures that V(¢~1) is holomorphic
there. Hence we may assume r > 0 by using a transformation in Lemma 3.5 i) if
necessary.

Case 2-2: W(t)=t"".

The coefficients sPt~" in (3.13) imply U~ (s) = s~" +¢s~ 2 and this case is reduced
to the previous case by Lemma 3.5 i).
Now we may assume

(3.21) r > 0.

Case 3: r >0 and ' > 0.
Putting p = r in (3.12), we have

(3.22) q(2r —q)(r — Q>(Wq72rUr+ - W,U, ) =0.

Case 3-1: (U,7,U,7) = (1,0) or (0,1).

Owing to Lemma 3.5 v), we may assume U, = 0. Then (3.22) with ¢ = " + 2r
means 1’ = —2r or v = —r and (3.12) with ¢ = r” means U~ = 0. Hence this
case is reduced to Case 1.

Case 3-2: (US,U;7) = (1,1).

The equation (3.22) with ¢ = r”" means r" = r or '/ = 2r.

Note that (3.22) means W (t) = at” (1 —t")~' +bt?>" (1 —?>")~L. Since U*, V and
W are holomorphic at the origin, Lemma 3.5 i) assures that if 7/ # ", this case is
reduced to Case 3-1. Hence we may assume ' = r” and therefore (V,,, W) = (1,1)
by a suitable translation s — as. It also follows from Lemma 3.5 i) that U~ (s) =
csT (1 —s%)_l +ds” (1—s")~1 and then this case is reduced to Proposition 3.7 iii).

Case 4: r >0 and r' < 0.

Using the transformation in Lemma 3.5 v) if necessary, we may assume

(3-23) (Ur—‘r’Ur_) = (67 1)

with 6 = 0 or 1. The equation (3.12) with p = r+4+m, ¢ —p = £r and m < 0 means
(r +m)(2r + m)UXV,, = 0 and therefore

V() =at > + bt + > Vit

3>0

(3.24) .
o —2r if a # 0,
-7 ifa=0.

Here (a,b) # (0,0). Moreover (3.12) with p = r shows

(3.25) UtWy o, =UW, ifq¢ {—2r,—r0,r 2r,3r 4r}.
Put 7 = —max{r’,r”} > 0. Then (3.12) with ¢ = —7 means

(3.26) pr2p+7)(p+7)(VorUp\r — WU, ) = 0.
Similarly (3.12) with ¢ = —r means

(3.27) pr(2p+r)(p+1r)0U,.,, —W_,U, ) =0.
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If v > 7", we have U~ = 0 because V_z = 0. Hence 7' < r” and we may
moreover assume

2r ifa#0,

(3.28) (Vs W_z)=(l,e) withe=0o0orl and 7= { .
r ifa=0.

Then (3.25) implies

W (t) = ext”(1=6t") " Heat™ (1-0t*) " et > +eat ™" +est” +egt™ +ert® +egt!
and it follows from (3.23), (3.26) and (3.28) that

(3.29) U=(s) = s"(1 —es") " + cs2"(1 — es?") L.

If e = 1, we may assume that U~ (s) has a pole at s = 1 as in the argument in Case
1-1 and then b = W, in (3.27). Note that if b # 0, (3.27) implies ¢ = 0. Hence

(3.30) bc=0
and (3.27) with p = r means
(3.31) e, =0 ife=0.

Case 4-1: (e1,e3) #0 and § = 1.
We may also assume W (t) has a pole at ¢t = 1. If e = 1, then U~ (¢) and W ()
have poles in C\ {0} and this case is reduced to Proposition 3.7 iii). Hence we may
assume € = 0 and therefore e3 = 0 by (3.28). Then Proposition 3.7 ii) assures

W(t) =ert"(1 —t") 7 4 eat? (1 — t2") 71,

(3.32) Ut(s) = U (s) = s" + cs?".

Now (3.12) with (p,q) = (2r,r) means ce; = 0. Thus (UT(¢),U~(t),V(t),0) €
S(B3) and it follows from Case 1 that V(¢) = at™2" + bt~" with bc = 0. Then the
solution corresponds to (Toda—Bél)—bry) or (Toda—Bél)—S—bry).

Case 4-2. ¢1 = e3 =0, e =1.

Proposition 3.7 i) assures V() = W (t) = at=2" + bt ™" + e5t” + eat?” + e7t>" + est?”
with be = 0. Putting ¢ = 2p — 7 in (3.12) we have VFU;QF + W Uf =0if pis
sufficiently large positive integer. Hence if U™ (¢) is not a polynomial of ¢, it has a
pole in C\ {0} and this case is reduced to Proposition 3.7 iii).

Thus we may assume U™ (s) = Zi\; Uts® with Uy # 0. Suppose W; = 0 for
j > M. If M > 0, the coefficients of sVt 2N in (3.13) implies WUy = 0. Hence
es = eg = ey = eg = 0 and therefore (UT,0,V,W) € S(B,) and Case 1 implies
UT(s) =s" + s with b’ = 0. The solution is a standard transform of case V.

Case 4-3: ¢ = e =€ =0.

Then U~ (s) = s" 4+ cs? and W (t) = est” + est®” + ert®" + egt?”. Putting p = q+r
in (3.12), we have V,U; — W,U_,, = 0 for ¢ > 0 and therefore V(t) = at™>" +
bt=" + cest”.

Suppose U™ (s) is not a polynomial of s. Putting ¢ = 2p + 7 in (3.12), we
have U, . + WzU; = 0 for a sufficiently large p. We may assume U™ (s) has a
pole at s = 1. Then W = —1 and Proposition 3.7 ii) with Lemma 3.5 proves
V() +W(t) =0 and V() = at=2" + bt~" with bc = 0. Thus (U*,0,V,W) €
S(Bs) and UT(s) = dys"(1—s") "t +dos?" (1 —s?")~! with bdy = 0 and the solution
is a standard transform of Case IV.

Now we may assume U™ (s) = Zfir U;r s and W(t) = Zf\ir Wit! with Wy U #
0. Then (3.12) with (p,q) = (N, M +2N) shows WU}, = 0, which contradicts to
the assumption. O
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Corollary 3.10. The non-trivial solutions R(x,y) of (3.1) with regular singularity
at the point t = 0 are transformations of the following solutions under translations.

(Trig-BCy-reg)

4 (sinh72 Mz + y) + sinh 2 Az — y)) + Ca (sinh72 A\ + sinh ™2 Ay)
+ C3(sinh ™% 2\z + sinh > 2Xy) + Co,
(Trigd-BCy-reg)
Cy (sinh72 Mz +y) +sinh 2 Az — Y))
+ Cs (sinh72 2\(z + y) + sinh ™2 2\ (z — y))
+ C3(sinh 2 2\z + sinh~* 2\y) + Co,
(Toda-Do-bry)
Cy (e72MoH9) 4 o=22@=v)) 4 Oy sinh ™2 Ay + Oy sinh ™ 2\y + C,
(Toda?-Dy-bry)
Cysinh ™2 Mz — y) + Cysinh ™2 2\ (z — y) + Cs (7 4 =) + C,
(Trig-A;-bry-reg)
C sinh™2 Az —y)+Cy (6_2’\”’ + 6_2’\y) + Cs3 (6_4)‘z + 6_4)‘1’) + Co,
(Trigd-A;-bry-reg)
o} (eff\(wﬂ/) + e*/\(w*y)) + Oy (ef2x\(w+y) + 6’2’\(95’?‘/))
+ C3sinh ™2 \y + Co,
(Toda-BC5)
Cre @Y 4 Che™™ 4 Cye™2M + O
(Todad-BCsy)
Cre @Y 4 ChemM@=y) L Cye™2M 4 O,

4. TYPE B, (n > 3)

Let R™ be the Euclidean space with the natural inner product (z,y) = Y"1 | z;y;
for x = (z1,...,2n), ¥y = (Y1,-.-,Yn) € R™. Then e; = (§1,...,0u,...,0in) for
i = 1,...,n form a natural orthonormal basis of R". For v € R", let 9, be the

differential operator defined by (9,v)(z) = M

t=
R™ and we put 0; = 0,,. If v # 0, the reflection w, with respect to v is a linear
2(v, x)

(v, 0)

The root system ¥ = X(B,,) of type B, is realized in R™ by

for a function ¥ (z) on

v for z € R™.

transformation of R™ defined by w,(z) = x —

A1)t ={e; —ej; 1 <i<j<n},

)y F=%F={e;+e;;1<i<j<n},
n) =3 ={a,—a; a € X(D,)"},
WE = 3% ={exs 1<k <},

)+ =xt= E(Dn)Jr U Z(Bn)ga
n) = {a7 —; a € E(Bn)Jr}

The Weyl group Wy of ¥ is the finite group generated by {w,; a € ¥}, which
is the group generated by the permutation of the coordinate (z1,...,z,) of R"
and by the change of the signs of some coordinates x;. For a subset F' of X, let
W denote the subgroup of Wy, generated by {w,; a € F}. Then we call the set
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F = {wa; w € Wr and a € F'} the root system generated by F' and Wg the Weyl
group of the root system F'. Let

(4.2) P=

be a differential operator with a function R(x) such that it admits a differential
operator

(4.3) Q=> ~5+95 with ordS <4

satisfying PQ = QP.
Now we assume

Ra)= Y walla,z))

a€X(B,)t

(4.4) = > (@ +25) + 07 (25 — 25) —I—Zw or),

1<i<j<n
'U/ij = Ue;—e; Uij = Ue;+e; and wk = Uey,
forl<i<j<nand1l<k<n.

For o € ¥(B,,)", we put u_q(t) = ua(—t) for the convention.

Fix indices i and j with 1 < i < j < n and put w/(t) = u*(—t) and I(i,j) =
{1,...,n}\{%,j}. It follows from the proof of [OOS, Theorem 6.1] that the condition
for the existence of () is equivalent to

(45) Sij = Sji (1 <1< j < n)
with
= (e T R o5
vel(i,j)

(x; + ;) fvj(xiij)>

("

+3(8w Z ai( xz+xy)+v’”(xi—xy)))
(0w
(v

vel(i,j)
put (x; + xj) — v (x5 — mj))

+2(w (u“’(xl +a,) + o (2 — x,,)))
VEI(’L,j)

. (81211”(;12 + x5) — 32 U( f:c]))
+ Z (8i2u“’(xi +x,) — afvi”(xi — x,,)) (uj”(xj +x,) — vj”(xj — x,,))

vel(i,j)
Then we have assumed that

(4.6) uq(logt) = Zuf}t” for a € X7

with u® € C. Here u, (logt) is analytic if 0 < [¢| < 1 and u& = 0 if v is a sufficiently
large negative integer.
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Put
tj=e TtTn (j=1,...,n—1), t,=e ",
uf (i ) =Y w3
_ Yy gy
(4.7) (s —g) = D oty 1)y,

) =
(zk) = Y _wity---t4,
Uy (t) = Z USt”  with u® = vU% and a € B+,
veZ\{0}

Here 1 <i < j <nand u¥, v¥ and w! € C and they are zero if v is a sufficiently
big negative integer. Then the coefficients of (ti e tj,l)q(tj -+ tp)P in (4.5) show
pawh,_ug, —p2p — Quwivy = qlq—p)w_,ud — (2p — q)(p — Q)wiuld

if pg(p — q)(2p — q) # 0 and therefore by putting

UE(t) =3, Uit?, V(t) = 3,5, Vit” and W(t) = 3,5, W,t”,
U =Vo=Wy=0,

ul () = HUF) () +ug, 07 (8) = (V) (8) + o,

wi(t) = tV'(t) +wh and wi (t) = tW'(t) + w},

(4.8)

we have (3.12) and (3.13). Hence (u*, v w® w’) is a standard transformation of
a solution of type Bs studied in §3.
Suppose {a, 3,a + B} C £F. Then (a, 3,a + ) is one of the followings

(4.9) (€iy—is» Ciz—ig» Cir—ig )
(4.10) (€ir—is» Cistig, Cirtiz)s
(4.11) (€is—ig» Cirtig) Cirtiz)s
(4.12) (€iy—ig» Cistig, Cirtiz)

with 1 <141 <19 < i3 < n.

Put s = e=(®%) and t = e~ %), Moreover put (i,j,v) = (i, 42,13), (i1,%2,13),
(i2,43,11) and (i1,13,42) according to (4.9), (4.10), (4.11) and (4.12), respectively.
Then (ua, ug, Ua+g) = (V7,077 ™), (V7 W u™), (v, w?”, ™) and (v, u”, u™),
respectively, and the coefficients of sPt? in (4.5) show

(4.13) (=¢° =3(p — 9)g — 2(p — 0)*)ug Pug_, + pPuyHull_,
=(—¢*+ 3pq —2p )ug’uz‘ +(q— )Qua+5 g )
if pg(p — q) # 0. Hence

(4.14) pa(p — q)(2p — Q)(URUL — U UstP — Ul Uty =o0.
Now put (i,7,v) = (i2,i3,41), (i1,%3,91), (i1,%3,42) and (i2,i3,%1) according to

7))y . ) . . ) i . ay y Ya = - ) .j7 - )
(4.9), (4.10), (4.11) and (4.12), respectively. Then (uq,ug, tatg) = (v, 0", 07")
(v u¥ w?), (v, ut u™) and (v7¥,u u?), respectively, and the coefficients of
sPt? in (4.5) show
(4.15)  (p* +3(g —p)p + 2(g — p)*)ug Py, q2ua+5u;f .

= (p* —3pq+2q Jugug — (p = a)*ugug_,
if pg(p — q) # 0 and we have

(4.16) palp — a)(p — 2q)(ULUL — U USHP — Ul UstP) = 0.

p—a—4q qg—p-p
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Combining (4.14) and (4.16), we get

« @ [e% B @ —
(4.17) pa(p — q)(ULUL — Us_ USHP — Ul UetP) =o.
Namely,
2
(4.18) (Ua(s) + Us(t) = Uarp(st))” = Fals) + Fa(t) + Farp(st)

with suitable functions F,,, Fg and F,43. Then if at least two in {Uy, Ug, U+

do not vanish, Proposition 2.2 shows that (Us(t), Us(t),Uass(t)) is a standard

transformation of (¢"(1 —¢")~1,¢"(1 —¢") "1, ¢"(1 — ")) or (C1t", Cat”™, Cs5t™").
The argument above shows the following lemma.

Lemma 4.1. Let a and B € ¥ such that a # £, {a,8) # 0, |a| > 8], Uy # 0
and Ug # 0. Suppose
U (t) = Cyt".

Then we have the following two cases.
Case 1: |o| = 5]

i i (o, B) <0,
Ust =i e
1 if (o, B .
Case 2: |a|? = 2|8]2.
Up(t) = C1t" (L = t7) 4+ Cot> (1 — t*") and Uy, (a)(t) = Ua(t) under a translation

or
Cit™ + Cht*" if (o, B) < 0,
Uﬁ(t) = 1 4—1 ! 4—27 .
Cit™" + Cit if {a, B) > 0.
Definition 4.2. For the functions u, in (4.4), put
(4.19) A={aeX(B,)";u, #0}.
Let A be the root system generated by A and let
(4.20) A=A U---UAy

be the decomposition into irreducible root systems. Put
(421) Ay = Ak nA
and we call it an irreducible component of A.

We say that P with the potential function R(x) is irreducible if A is an irreducible
root system of rank n or of type A,,_1.

Remark 4.3. 1)) A=A U---UAN.
ii) Suppose a € Ag. Then € A is an element of Ay, if and only if there exists
a sequence a; = @, Qa,...,0p = [ € A such that (o, ;1) #0fori=1,...,0—1.

Lemma 4.4. Let A’ be an irreducible component of A and let A’ and A’L_ be the
root systems generated by A" and A = A" NXp, respectively. Suppose A’ is of
type By, with m > 2. Then A’ is of type Ap—1 or type Dyy,.

Proof. Since A’ and {ei,...,en} generate A’, there exist o; € A such that
(i, e;) # 0 and (ai,eiﬂ) # 0 for 1 <7< m. Since ay,...,q,_1 generate a root
system of type A,,—1, A7 is of type A,,—1 or type D,,. ]

Lemma 4.5. Let S be a subset of a classical root system Y of type A or B. Suppose
S generates an irreducible root system S and

(a, B) <0 fora e S and B €S with a # .
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If the rank of S is larger than one, S is the image of one of the following sets under
the suitable transformation by an element of the Weyl group of X.

(4.22) {e1 —ea, ..., em_1—€em} (m > 3),
(4.23) {e1 —ea, ..., em_1— €m,em} (m > 2),
(4.24) {e1—€e2,..., em_1—€m, €m_1 + €m} (m > 4),
(4.25) {e1—e2, .0y m1 — €m, €m — €1} (m > 3),
(4.26) {e1 —ea,..., €m—1— €m, €m, —€1} (m > 2),
(4.27) {e1—e2,..., em_1— €m, €m—1 + €m, —€1 — €2} (m >4),
(4.28) {e1—€2,..., em_1—€m, €m—1+ €m, —€1} (m > 3).

Proof. Let S’ be a subset of S such that S’ is a transformation of one of the sets
{e1}, {e1 — e}, (4.22), (4.23) and (4.24) by an element of the Weyl group of .

If the number of the elements of S’ is smaller than the rank of S, there exists
a € S and 8 € 5 such that (o, 8) # 0 and a ¢ 3> o Ry. Then it is easy to see
that S’ U {a} is a transformation of (4.22), (4.23) or (4.24) by a suitable element
of the Weyl group.

Thus we may assume that S’ equals (4.22) or (4.23) or (4.24) and that the number
of the elements of S’ equals the rank of S. Put S, = {3 € YN Z'yES’ Rvy; (B,7) <
0 for any v € S’}. Then if S’ is (4.22) or (4.23), S, = {e; —e1} or {—e1, —e1 —ea},
respectively. If §” is (4.24), then S, = {—e;—ez, —e; } or {—e; —es} according to X is
of type B or A, respectively. Thus the lemma is clear because S’ ¢ S € S’US,. O

Lemma 4.6. Let A be a root system generated by a classical root system ¥ of type
Ap_1orB,. Let A=A U---UAN U---UAy be an irreducible decomposition so
that the rank of A; is larger than one for 1 < i < N’ and the rank of A; equals one
for N' <1 < N. Then under the transformation by an element of the Weyl group
of X, there exists a sequence of integers 0 = ng < ny < ng < --- < nys such that
A, is generated by

{€n; 141 — €nj_142y--+s €n;—1 — €n, if A; is of type A,
{eni—1+1 —€n; 1425+ €n;—1 — €n;; En—i—1 + eni} if A is of type D,
{€n;_ 141 — €ny_142y- s €n;—1 — Enys €n, if A; is of type B

for 1 <i < N'. Moreover if N' < i < N. A; equals {%e,}, {£(e, —e,41)} or
{x(ey + ev41)} for a suitable v with v > ny.

Proof. Note that {a € ¥; (e; — ea,) = 0} is generated by
{es —eq,...,en_1—€n} if 3 is of type Ay,
{es —e4,..., €n_1 —é€n, en} and {e; + ey} if X is of type B,,.

Hence the lemma is clear by the induction on N if N’ = 0.

Suppose N’ > 0. By the preceding lemma, we may assume that the fundamental
system of A; is (4.22), (4.23) or (4.24). Then {«a € ¥; (e1 —e2, &) = 0} is generated
by

{€m+1 — €mt2s--+) Ene1 —€n} if 3 is of type Ap,
{€m+1 — €m+42,--+) En—1 — €n, et if ¥ is of type B,
and the lemma is clear by the induction on N’. O

Remark 4.7. i) Fix o € A’. Let v € R" with (a,v) = 0. Then 9,us((a, z)) = 0.
ii) If the rank of A’ equals one, u,(t) for a € A’ is any function.
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iii) If the rank of A’ is larger than one, U, (t) with a € A’ are global meromor-
phic functions and therefore we may study {U,(t); & € A’} under the image of a
transformation by the Weyl group.

iv) By the irreducible decomposition in Definition 4.2 our classification reduces
to the case when P is irreducible.

Theorem 4.8. Let A’ be an irreducible component of A. Then the potential func-
tion Ra/(x) := 3 cnr Ua({a, x)) is a transformation of a function in the following
list with m > 2 under a map generated by the Weyl group, translations and scalings
of the coordinates (cf. Lemma 3.5).

Type Ay: If the rank of A’ equals 1, Ra/(x) is an arbitrary function of (v, x) with
a € A'. This solution is called trivial.

Type Ba: A standard transform of the function in the list (Trig-Bsg) — (Toda—CQ(U)
in §3 with replacing (z,y) by (x1,x2).

(Trig-B,,): Trigonometric potential of type By, :

Z Co (Sinh_2 M 4 x5) +sinh ™ A(z; — z;))

1<i<j<m
+ Z(Cl sinh™2 2\zy + Cy sinh ™2 Az + Cs cosh 2A\zy, + Oy cosh 4)\xk).
k=1
(Trig-A,,—1-bry): Trigonometric potential of type A,,—1 with boundary:
Z Cosinh ™ \(z; — x;)
1<i<j<m

m

+ Z(Cle—QAzk + 026—4Amk + 0362)‘11“ + C4€4Amk)7
k=1

(Toda—Bfﬁ)—bry): Toda potential of type BSY with boundary:

m—1
Z 00672)\(1171i+1) 4 00672)\(a:m,1+zm) 4 0162)\21 + 0264)\1’1
=1

+ Cysinh™2 Az, + Cysinh ™2 2\z,,,

(Toda—C,(nl)): Toda potential of type Cf,}):
m—1
Z 00672>\(xifmi+1) _|_ 0162)\961 + 0264)\11 _|_ 03672)\Im + 04674)@27”7
i=1

(Toda—nylb)—bry): Toda potential of type DY with boundary:

m—1
Z CO (e—2>\(wi—$i+1) + e—2>\(Im71+$m) + 62>\($1+Z2))
i=1
+ C; sinh™2 Az, + Cy sinh ™2 2z, + Cs sinh ™2 Azq 4+ Cy sinh ™2 211,

(Toda—AEi)_l): Toda potential of type Ag)_l:

m—1
Z 00672)\($7‘,7:E7‘,+1) + 0062)\(1171‘7”).

i=1
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Definition 4.9. We define some potential functions as specializations of the above.

(Trig-A,,—1): Trigonometric potential of type A,,—1 is (Trig-A,,—1-bry) with
Ci=C=C3=0C4,=0.

(Toda—By(,P): Toda potential of type BY is (Toda—By(,p—bry) with C3 = Cy = 0.

(Toda—Dfﬁ)): Toda potential of type DS is (Toda—D%)—bry) with Ch = Cy =
Cs=Cy=0.

(Toda-D,,-bry): Toda potential of type D,, with boundary is (Toda—B,(yp—bry)
with Cl = CQ =0.

(Toda-A,,—1): Toda potential of type A,,_1 is (Toda—C’rg)) with C; = Cy =
C3=Cy=0.

(Toda-BC,,): Toda potential of type By, is (Toda—Cy(,})) with C; = Cy = 0.

(Toda-D,,): Toda potential of type D,, is (Toda—B,(,p—bry) with Cp = Cy =
C3=Cy=0.

Proof of Proposition 4.8. We may assume that A’ is not of type B,. Then
Lemma 4.4 says that for any elements « and 8 of A, there exists a sequence
o= ag,qg,...,ar = 0 such that (o, a;11) #0and o; € A} fori=1,...,m—1.
Note that the number of elements of A is larger than one. Fix o € A’. Then
lemma 4.1 assures that U, (t) = Ct"(1 — at”)~! with a € C.

Case 1: U, (t) = Ct".

Lemma 4.1 proves that Us(t) = Cst>®)" for B € A}. Here ¢(3) = 1 or —1.
Then the set S;, = {e(8)5; 5 € AL} satisfies the assumption of Lemma 4.5 and
therefore we may assume that Sy equals (4.22), (4.24), (4.25) or (4.27) under the
transformation of an element of the Weyl group, which correspond to (Toda-A,,_1),
(Toda-D,,), (Toda—Agll) and (Toda—D,(ﬁ)), respectively, if U, (t) = 0 for i =
1,...,m. Suppose U, (t) # 0 with a suitable i satisfying 1 < ¢ < m. Then
Lemma 4.1 shows that one of the the following two cases occurs, from which the
statement of the proposition is clear.

Case 1-1: U, (t) = C't"(1 — at™) + C"t*" (1 — at®") with a # 0.

We may assume a = 1 by a translation. Lemma 4.1 shows that then U_, _.,,, () =
Uei—e;ry (t) and if i > 1 and U, _, ¢, (t) = Ue,_, 4¢,(t) if i < m. Therefore

i =1 and S, equals (4.27) (= (Toda—Dﬁ,lL)—bry))
or
i =m and S equals (4.24) or (4.27) (= (Toda—BT(,})—bry) or (Toda-Dg)-bry)).

Case 1-2: U,,(t) = C't<" + C"1247 with ¢; = £1.
Lemma 4.1 says €;{e;, @) <0 for « € Sy, only the following cases occur.

i =1and Sy, equals (4.22) or (4.24) (= (Toda-C$,) or (Toda-B%-bry)),
i =m and Sy, equals (4.22) (= (Toda—CT(,p)).

Case 2: U,(t) = Cot" (1 — ant”) ™! with a, # 0.
The argument just before Lemma 4.1 says that the condition Ug(t) # 0 and U, () #
0 with |a] = |B| = |y| means U, ,(,)(t) # 0. Hence {+3; f € A} is a root system
of type A,,—1 or D,,. We may assume a, = 1 for its simple root a and hence C,,
and a, does not depend on a € A because of (4.18) and Proposition 2.1.
Case 2-1: A/ is of type A.
Considering {Ue, ¢, 1> Ue,—eiy1> Ue; Ue,y }, Theorem 3.9 shows U, (t) = Ue, ., () =
C1t" + Cot?®" + C3t™" + C4t~2" and this case is reduced to (Trig-A4,,_1-bry).
Case 2-2: A/ is of type D.
By the same consideration as in the previous case we may assume U, (t) = Cyt"(1—
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t) L+ Cot? (1 —t2") "L+ C5(t" — t77) + C4(#*" — t=27) for v = 1,...,m. Hence
this case is reduced to (Trig-B,,). O

Corollary 4.10. The non-trivial solutions in Proposition 4.8 which have reqular
singularity at the point t = 0 are in Corollary 3.10 or in the following list.

Z Co (sinh_2 M 4 x5) +sinh ™ A(z; — z;))
1<i<j<m

(Trig-BC)y,-reg) m
+ Z(Cl sinh™2 2\z, + Cs sinh 2 )\xk),
k=1

(Trig-Am_1-bry-reg) > Cosinh > A(z; — z;) + Y (Cre™ 2% + Che™ ),

1<i<j<m k=1
(Toda-D,,-bry)
m—1
Cy Z e M @imwit1) 4 Ope M @m—1tem) 4 Cusinh™2 Ay, + Cysinh ™2 222,
i=1
m—1
(Toda-BC,,) Co Z e @i=Tis1) 4 Coe2ATm | (0o~ ATm
i=1

Remark 4.11. We have a natural compactification X of the space C™ of ¢ so that
for every w € Wy(p, )

’ ’ ’
s;’:e(”j T (j=1,...,n—1), s¥=e " witha' =wz

gives a local coordinate system of X and t; = s% (j = 1,...,n). Then the non-trivial
potential functions R(z) we have obtained is meromorphic on X.

If R(z) is holomorphic at (s{,...,s;)) = 0 for any w € Wx(p,), R(z) is said
to have regular singularity at every infinity. In this case, our classification says
that R(x) is decomposed to the functions (Trig-BC,,-reg) and/or (Trig-A,,) which
exactly corresponds to Heckman-Opdam’s potential function of classical type. This
gives a characterization of Heckman-Opdam’s hypergeometric equations.
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