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Abstract

We study Weyl group orbits in symmetric Kac-Moody root systems
and show a finiteness of orbits of roots with a fixed index. We apply this
result to the study of the Euler transform of linear ordinary differential
equations on the Riemann sphere whose singular points are regular
singular or unramified irregular singular points. The Euler transform
induces a transformation on spectral types of the differential equations
and it keeps their indices of rigidity. Then as a generalization of the
result in [10], we show a finiteness of Euler transform orbits of spectral
types with a fixed index of rigidity.

1 Introduction

Recall the definition of symmetric Kac-Moody root systems (precise defini-
tion of terminology appearing below can be found in the latter section, see
§2.1). For a finite index set I, define a lattice Q :=

⊕
i∈I Zαi with a basis

{αi | i ∈ I} and consider a symmetric bilinear form on Q which satisfies

⟨αi, αi⟩ = 2,

⟨αi, αj⟩ = ⟨αj , αi⟩ ∈ Z≤0 (i, j ∈ I and i ̸= j).

The Weyl group W acting on Q is generated by simple reflections,
σi(β) := β − ⟨β, αi⟩αi for β ∈ Q and i ∈ I.

Then a certain subset of Q, called the set of roots, is defined by

∆ :=
∪
i∈I

Wαi ⊔WF ⊔ −WF.
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Here F := {α ∈ Q+ \{0} | suppα is connected and ⟨α, αi⟩ ≤ 0 for all i ∈ I}
with Q+ :=

⊕
i∈I Z≥0αi. In particular we call ∆re :=

∪
i∈I Wαi the set of

real roots and ∆im := WF ⊔−WF the set of imaginary roots. If α ∈ ∆ is in
Q+, it is called a positive root. Moreover we call elements in F basic positive
imaginary roots or shortly basic roots. Then we call the triple (I, ⟨ , ⟩, ∆)
or shortly (I, ⟨ , ⟩) the symmetric Kac-Moody root system.

A symmetric Kac-Moody root system (⟨ , ⟩1, I1) is a subsystem of a
symmetric Kac-Moody root system (⟨ , ⟩2, I2) if there is an injective map
ϕ of I1 to I2 such that ⟨αi, αj⟩1 = ⟨αϕ(i), αϕ(j)⟩2 for i, j ∈ I1 and in this
case the root of (⟨ , ⟩1, I1) is naturally identified with a root of (⟨ , ⟩2, I2).
Thus we can define the universal symmetric Kac-Moody root system by the
inductive limit of symmetric Kac-Moody root systems under the injective
maps defining subsystems.

One of our main aim is to classify the orbits of roots under the action of
the Weyl group in the universal symmetric Kac-Moody root system. Since
the real roots form a single orbit of the Weyl group, it is sufficient to classify
the orbits contained in the set of positive imaginary roots, i.e., elements in
∆+

im = ∆im ∩ Q+ = WF . Thus what we need to do is to classify elements
in F , i.e., basic roots.

For an element α in a root lattice, the index of α is defined by idxα :=
⟨α, α⟩. The classification of basic roots with index 0 is known as follows.
Dynkin diagrams of supports of them are classified by the following 5 cases.

�������� ����������� ��������???

���������������� ��������???

���

�������� ��������???����������� �������� ����������� ��������??? �������� �������� �������� �������� ������������������������
�������� �������� �������� �������� ���������������� �������� �������� �������� �������� �������� �������� �������� �������� ���������������� ��������

Moreover for each diagram, there exists a unique indivisible root and
any basic roots are scalar multiples of one of these indivisible roots. Here
α =

∑
i∈I miαi is indivisible if the greatest common divisor of coefficients

mi is 1.
Hence in this case, the classification of Weyl group orbits of imaginary

roots is obtained by the classification of indivisible basic roots which corre-
spond to the above finite cases.

One of the main results in this paper is to show a finiteness of basic roots
with a general index. For this purpose we introduce the shape of an element
in a root lattice. Fix a root lattice Q =

⊕
i∈I Zαi and α =

∑
i∈I miαi ∈ Q.

For the Dynkin diagram of the support of α, we attach each coefficient mi

of α to the vertex corresponding to αi, then we obtain the diagram with the
coefficients, which we call the shape of α.

We say i1, . . . , ik ∈ {i ∈ I | mi ̸= 0} is a constant connected sequence of
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α if mi1 = · · · = mik and the Dynkin diagram of {αi1 , . . . , αik} is�������� �������� �������� ��������.
Theorem 1.1 (see Corollary 2.3). If a basic root α =

∑
i∈I miαi contains a

constant connected sequence i1, . . . , ik of I satisfying k > 2 and ⟨α, αiν ⟩ = 0
for ν = 2, . . . , k − 1, then the shape obtained from that of α by shrinking
or extending the length of the sequence corresponds to a basic root with the

same index. Expressing such a sequence by
m�������� m�������� , we have shapes of roots

which may contain such expressions. We call these shapes reduced shapes.
Then the basic roots with a fixed nonzero index are classified by a finite

number of reduced shapes. The indivisible basic roots with index 0 are also
classified by a finite number of reduced shapes.

Moreover proceeding further from the classification of basic roots with
index 0 seen above, we give the complete list of shapes of basic roots with
index −2 in §2.4.

Another aim of this paper is to give a classification of orbits of linear
ordinary differential equations under the action of the Euler transform as
an application of our classification of basic roots.

Consider a Fuchsian system of ordinary differential equations on the Rie-
mann sphere of the form d

dxY (x) =
∑p

i=0
Ai

x−ci
Y (x) where Ai (i = 0, . . . , p)

are n× n matrices with coefficients in C and Y (x) is a Cn-valued function.
For this system, W. Crawley-Boevey [2] constructs a representation of a
quiver, more precisely, a deformed preprojective algebra, with a star-shaped
quiver. His result shows that for an irreducible Fuchsian system, the dimen-
sion vector of the corresponding representation of the quiver is a positive
root in the Kac-Moody root system of its quiver. Then the index of rigidity
of the Fuchsian system equals the index of the root and reflection functors
on representations of the quiver are obtained by algebraic transformations
on Fuchsian systems, the Euler transform and the addition. Thus to study
orbits of irreducible Fuchsian systems under the actions of the Euler trans-
form and the additions, we can apply the classification of Weyl group orbits
of the roots.

In [10, 11] the corresponding results for Fuchsian single differential equa-
tions together with the analysis of their global solutions, namely, integral
representations of the solutions and the connection problem etc., are studied.

In [7], we consider a generalization of the result of Crawley-Boevey to
ordinary differential equations whose singular points are regular singular or
unramified irregular singular points. As in the case of the Fuchsian equa-
tions, there exists a Kac-Moody root system attached to a differential equa-
tion such that its spectral type corresponds to an element in the root lattice
(see Theorem 3.14, Theorem 3.15 and Definition 3.20). Here a spectral type
is a tuple of integers representing multiplicities of characteristic exponents
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of local formal solutions of a differential equation where we ignore integer
differences of characteristic exponents (see §3.1.2 for the precise definition).

Thus for spectral types it shall be defined an analogy of basic roots, called
basic pairs (see Definition 3.16). Then we shall consider a classification of
basic pairs in §3.3 as an application of that of basic roots.

Combining this result with Theorem 1.1, we show the following theorem
which generalizes the result of the second author [9, 10] in the Fuchsian case.

Theorem 1.2 (see Theorem 3.7). Fix an integer r ≥ 0 and consider linear
differential equations with index of rigidity −r on the Riemann sphere whose
singular points are regular singular or unramified irregular singular points.

Then we have the finiteness of orbits of spectral types of the differen-
tial equations under the actions of the Euler transform and the addition.
Namely, if r > 0, there exist only a finite number of orbits and if r = 0,
there exist a finite number of orbits of indivisible spectral types.

Finally in §3.3.2 and §3.3.3, we classify basic pairs with indices of rigidity
0 and −2. This gives classifications of Euler transform orbits of differential
equations with these indices of rigidity. When all singular points are regular
singular points, these classifications are given by V. Kostov [6] and the
second author [9, 10], respectively.

2 A classification of basic roots

2.1 Symmetric Kac-Moody root systems

Let Q :=
⊕

i∈I Zαi be a Z-lattice with the basis {αi | i ∈ I} where I
is a finite set of indices. The set of positive elements in Q is written by
Q+ := Q∩

⊕
i∈I Z≥0αi. Fix a symmetric Z-bilinear form ⟨ , ⟩ on Q satisfying

⟨αi, αi⟩ = 2 (i ∈ I),

⟨αi, αj⟩ = ⟨αj , αi⟩ ∈ Z≤0 (i, j ∈ I and i ̸= j).

We call this lattice Q with the bilinear form ⟨ , ⟩ the symmetric Kac-Moody
root lattice.

For an element α ∈ Q, we define an even integer

idxα := ⟨α, α⟩,

which we call the index of α. For each αi (i ∈ I), we can define a Z-
endomorphism of Q by

σi(β) = β − ⟨β, αi⟩αi (β ∈ Q),

which is called the simple reflection with respect to αi. The transformation
group W on Q generated by all these σi (i ∈ I) is called the Weyl group.
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For this lattice Q, we associate a diagram which consists of edges and
vertices as follows. Regard the elements in Π := {αi | i ∈ I} as vertices.
Connect two vertices αi, αj ∈ Π by n edges if ⟨αi, αj⟩ = −n with a positive
integer n. We express this by

αi

@GAFBECD
αj

@GAFBECD... n edges or
αi

��������
αj

��������n
.

We call the diagram constructed as above the Dynkin diagram of Q.
Let α =

∑
i∈I miαi ∈ Q with mi ∈ Z. The support of α is suppα :=

{αi | mi ̸= 0}. We say the support of α is connected if for any two distinct
elements αi, αj ∈ suppα, there exists a sequence αi = αi1 , αi2 , . . . , αir = αj

of elements of suppα such that ⟨αik , αik+1
⟩ ̸= 0 for k = 1, . . . , r − 1. We

define that α is indivisible if the greatest common divisor of {mi | i ∈ I}
equals 1.

Recall the root system of Q. Each element αi (i ∈ I) of the basis of Q
is called the simple root. The real roots are the elements of

∆re :=
∪
i∈I

Wαi,

i.e., a real root belongs to the Weyl group orbit of a simple root αi. Define
the fundamental subset of Q,

F := {α ∈ Q+ \ {0} | suppα is connected and ⟨α, αi⟩ ≤ 0 for all i ∈ I}.

Then the imaginary roots are the elements of

∆im := WF ⊔ −WF.

Here WF = {wα | w ∈ W, α ∈ F} and −WF = {−α | α ∈ WF}. The root
is the element of ∆ := ∆re ⊔∆im. The root in ∆+ := ∆∩Q+ and that in F
are called positive and basic, respectively.

In general the symmetric Kac-Moody root system determined by the pair
⟨ , ⟩ and I shall be denoted by (⟨ , ⟩, I). A symmetric Kac-Moody root
system (⟨ , ⟩1, I1) is a subsystem of a symmetric Kac-Moody root system
(⟨ , ⟩3, I3) if there is a map ϕ of I1 to I3 such that ⟨αi, αj⟩1 = ⟨αϕ(i), αϕ(j)⟩3
for i, j ∈ I1 and in this case the root of (⟨ , ⟩1, I1) is naturally identified
with a root of (⟨ , ⟩3, I3).

We define a root α of (⟨ , ⟩1, I1) and a root α′ of (⟨ , ⟩2, I2) are in
a same Weyl group orbit in a universal symmetric Kac-Moody root system
if there exists a symmetric Kac-Moody root system (⟨ , ⟩3, I3) such that
(⟨ , ⟩1, I1) and (⟨ , ⟩2, I2) are subsystems of (⟨ , ⟩3, I3) and moreover α
and α′ are in the same orbit under the action of the Weyl group of (⟨ , ⟩3, I3).
Namely, the universal symmetric Kac-Moody root system is defined by the
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inductive limit of symmetric Kac-Moody root systems under the injective
maps defining subsystems.

Our purpose is to classify the Weyl group orbits in the universal symmet-
ric Kac-Moody root system. Since the real roots form a single Weyl group
orbit, it is sufficient to classify the orbits contained in the set of positive
imaginary roots.

For an element α =
∑

i∈I miαi ∈ Q, we consider the diagram of suppα,
that is, we restrict the Dynkin diagram of Π to suppα. Then we attach
each coefficient mi of α to the vertex corresponding to αi and obtain the
diagram of the support of α with the coefficients. We call this diagram with
coefficients the shape of α.

For example, if α = m1αi1 + m2αi2 + m3αi3 ∈ Q with the diagram of

the support
αi1

��������
αi2

��������
αi3

�������� , the diagram with coefficients is
m1

αi1

�������� m2

αi2

�������� m3

αi3

�������� .

Note that each Weyl group orbit contained in the set of positive imagi-
nary roots has a unique representative in F and therefore the orbits contain-
ing positive imaginary roots are classified by the shapes of the basic roots
in the orbits.

2.2 Basic roots with a fixed index

First we examine some properties of the shapes of basic roots.
Fix an indivisible basic root

α =
∑
i∈I

miαi (mi ∈ Z≥0) (1)

in this section and define subsets of I
Ī = {i ∈ I | mi > 0},
I0 = {i ∈ Ī | ⟨α, αi⟩ = 0},
I1 = Ī \ I0.

(2)

Lemma 2.1. Let {i1, . . . , ik} ⊂ J for a subset J of Ī such that iν ̸= iν′

for 1 ≤ ν < ν ′ ≤ k and ⟨αiν , αiν+1⟩ ̸= 0 for ν = 1, . . . , k − 1. Then we
call that i1, . . . , ik is a connected sequence of length k in J . Moreover if
mi1 = mi,2 = · · · = mi,k, we call i1, . . . , ik is a constant connected sequence.

i) Suppose i1, i2 is a connected sequence in Ī with i2 ∈ I0. Then

mi1 ≤ 2mi2 (3)

and if mi1 = 2mi2,
⟨αi1 , αi2⟩ = −1 (4)

and ⟨αi2 , αν⟩ = 0 for ν ∈ Ī \ {i1, i2}.
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Furthermore if i1 ∈ I0, then (4) is valid or the shape of α is
1�������� 1�������� .

ii) Fix i0 ∈ I0 and put Ji0 = {i ∈ I0 | ⟨αi, αi0⟩ < 0}. Then #Ji0 ≤ 4 and

the equality holds if and only if the shape of α is
1�������� 1�������� 1��������1��������

1�������� . If #Ji0 = 3,

then mi < mi0 for i ∈ Ji0 or {mi | i ∈ Ji0} = {mi0 ,
1
2mi0 ,

1
2mi0}.

iii) Let i1, . . . , ik be a connected sequence in I with k ≥ 3. Suppose iν ∈ I0
for ν = 2, . . . , k − 1 and mi1 ≥ mi2. Then

mi1 −mik ≥ (k − 1)(mi1 −mi2).

If mi1 −mik = (k − 1)(mi1 −mi2), then

⟨αi, αiν ⟩ =

{
−1 (i = iν−1 or iν+1 and 1 < ν < k),

0 (i ∈ Ī \ {iν−1, iν , iν+1} and 1 < ν < k).

If mi1 −mik−1
= (k − 2)(mi1 −mi2) and mi1 −mik > (k − 1)(mi1 −mi2),

then there exists j ∈ Ī such that

⟨αik−1
, αj⟩ < 0 and j ∈ I1 (5)

or{
mi1 = mi2, ik ̸= j, mik−1

= 2mik = 2mj

and ⟨αk−1, αj⟩ = ⟨αk−1, αik⟩ = −1.

m

αik−2

�������� m

αik−1

�������� 1
2mαik

��������
vvv
v

1
2mαj

��������HHH
H

(6)

Suppose mi1 = mi2 = · · · = mik . Then {j ∈ Ī | ⟨αiν , αj⟩ < 0} = {iν−1, iν+1}
for ν = 2, . . . , k − 1. Moreover suppose ⟨αi1 , αik⟩ = 0. Fix r ∈ Z>0, put
m = mi1 and introduce new simple roots αj1 , . . . , αjr and put I ′ =

(
Ī ∪

{j1, . . . , jr}
)
\{i1, . . . , ik}. Then the element α′ =

∑
i∈I′ miαi with mjν = m

(1 ≤ ν ≤ r) is also a basic root such that r = 1 or j1, . . . , jr is a constant
connected sequence satisfying ⟨α, αjν ⟩ = 0 for ν = 2, . . . , r − 1 and idxα =
idxα′. Here ⟨αj , αj1⟩ = ⟨αj , αi1⟩+ δr,1⟨αj , αik⟩ for j ∈ Ī \ {i1, . . . , ik} etc.

α :
m

αi1

�������� m

αi2

�������� m

αik−1

�������� m

αik

�������� → α′ :
m

αj1

�������� m

αj2

�������� m

αjr−1

�������� m

αjr

�������� (r = 1, 2, . . .)

iv) Suppose that i1, i2 is a connected sequence in Ī with i2 ∈ I0 and
ℓ := mi1 −mi2 ≥ 0. Then there exists a connected sequence i1, i2, . . . , ik in
Ī such that

⟨αiν , αi⟩ = 0 (i ∈ Ī \ {iν−1, iν , iν+1}, ν = 2, . . . , k − 1)
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and one of the following is valid.

(a) ℓ > 0, kℓ = mi1 , miν = mi1 − (ν − 1)ℓ (0 ≤ ν ≤ k),

and ⟨αik , αi⟩ = 0 (i ∈ Ī \ {ik−1, ik}) :
(7)

kℓ

αi1

�������� (k − 1)ℓ

αi2

�������� (k − 2)ℓ

αi3

�������� 2ℓ

αik−1

�������� ℓ

αik

��������
(b) ℓ = 0, mi1 = · · · = mik−1

= mi,k and there exist jν ∈ I0 for ν = 1, 2

such that 2mjν = mi1 , ⟨αjν , αi⟩ = 0 (i ∈ Ī \ {ik, jν}),
⟨αjν , αik⟩ = −1, ⟨αik , αi⟩ = 0 (i ∈ Ī \ {ik−1, ik, j1, j2}) :

(8)
mi1

αi1

�������� mi1

αi2

�������� mi1

αi3

�������� mi1

αik

�������� 1
2mi1αj1

��������
lll

lll

1
2mi1αj2

��������RRRRRR

(c) kℓ < mi1 , miν = mi1 − (ν − 1)ℓ for ν = 1, . . . , k

and there exists j ∈ I1 with ⟨αik , αj⟩ < 0 :
(9)

mi1

αi1

�������� mi1 − ℓ

αi2

�������� mi1 − 2ℓ

αi3

�������� mi1 − (k − 2)ℓ

αik−1

�������� mi1 − (k − 1)ℓ

αik

��������
αj
·��������/o/o/o

(d) k = 2, l = 0, mi1 = mi2 , ⟨αi1 , αi2⟩ = −2, ⟨αi2 , αi⟩ = 0 (i ∈ Ī \ {i1, i2})

mi1

αi1

�������� mi1

αi2

�������� (10)

Proof. i) Since ⟨αi1 , αi2⟩ ≤ −1 and ⟨αν , αi2⟩ ∈ Z≤0 for ν ∈ Ī \ {i1, i2} and

2mi2 +mi1⟨αi1 , αi2⟩+
∑

ν∈I\{i1,i2}

mν⟨αν , αi2⟩ = ⟨α, αi2⟩ = 0,

we have mi1 ≤ 2mi2 and the condition mi1 = 2mi2 implies ⟨αi1 , αi2⟩ = −1
and ⟨αν , αi2⟩ = 0 for ν ∈ Ī \ {i1, i2}.

Suppose i1 ∈ I0 and ⟨αi1 , αi2⟩ < −1. Then we have mi2 ≤ mi1 . In the
same way we have mi1 ≤ mi2 and hence mi1 = mi2 and ⟨αi1 , αi2⟩ = −2 and

the shape of α is
1�������� 1�������� .

ii) We may assume #Ji0 > 2. Since the claim i) shows ⟨αi0 , αν⟩ = −1 and
mi0 ≤ 2mν for ν ∈ Ji0 and the condition i0 ∈ I0 implies 2mi0−

∑
ν∈Ji0

mν ≥
0, we have #Ji0 ≤ 4. If #Ji0 = 4, 2mν = mi0 for ν ∈ Ji0 and the shape of
α is given in the claim.

Suppose #Ji0 = 3. Put Ji0 = {i1, i2, i3} with mi1 ≥ mi2 ≥ mi3 . Then
mi1 ≤ 2mi0 − mi2 − mi3 ≤ 2mi0 − 1

2mi0 − 1
2mi0 = mi0 . If mi1 = mi0 ,

mi2 = mi3 = 1
2mi0 .
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iii) We may assume k = 3. Since mi1 ≥ mi2 and

0 = ⟨α, αi2⟩ = 2mi2 +mi1⟨αi1 , αi2⟩+mi3⟨αi3 , αi2⟩+
∑

ν∈I\{i1, i2, i3}

mν⟨αν , αi2⟩,

we have ⟨αi1 , αi2⟩ = −1 and 2mi2 ≥ mi1 +mi3 , which means mi1 −mi3 ≥
2(mi1 − mi2). Moreover the condition mi1 − mi3 = 2(mi1 − mi2) implies
⟨αi2 , αi3⟩ = −1 and ⟨αν , αi2⟩ = 0 for ν ∈ Ī \ {i1, i2, i3}.

Suppose 2mi2 > mi1 + mi3 and i3 ∈ I0. Then the claim i) shows
⟨αi2 , αi3⟩ = −1 and there exists j ∈ Ī \ {i1, i2} satisfying ⟨αi2 , αj⟩ < 0.
Suppose j ∈ I0. Then 2mj ≥ mi2 , 2mi3 ≥ mi2 and mi2 − mi3 − mj ≥
2mi2 −mi1 −mi3 −mj ≥ 0 and therefore 2mj = 2mi3 = mi1 = mi2 and

⟨αi2 , αν⟩ =

{
−1 (ν = i1, i3, j),

0 (ν ∈ Ī \ {i1, i2, i3, j}),
⟨αj , αν⟩ = 0 (ν ∈ Ī \ {i2, j}),

m

αi1

�������� m

αi2

�������� 1
2mαi3

��������
vvv
v

1
2mαj

��������HHH
H

⟨αi3 , αν⟩ = 0 (ν ∈ Ī{i2, i3}).

Thus we have iii) since the last claim in iii) is clear.
iv) The claims easily follow from iii).

Now we give one of our main results in this paper.

Theorem 2.2. Fix integers N ∈ Z≥0 and M ∈ Z>0. Let α be the basic root
satisfying the following conditions:

1. idxα = −N .

2. N ̸= 0 or α is indivisible.

3. α has no constant connected sequence in I0 whose length is larger than
M .

Then there are only finite shapes which can be the shape of α.

Proof. Since the basic roots with index 0 are well-known as are given in
the next section, we may assume N > 0. We shall use the notation in the
previous lemma. Since

N = −
∑
i∈I1

mi⟨α, αi⟩ ≥
∑
i∈I1

mi, (11)

we have
mi ≤ N for i ∈ I1 and #I1 ≤ N. (12)

Let i ∈ I1 and j ∈ I0 and suppose ⟨αi, αj⟩ < 0. Then

N = −
∑
ν∈I1

mν⟨α, αν⟩ ≥ −mi⟨α, αi⟩ ≥ mimj |⟨αj , αi⟩| − 2m2
i
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and therefore

mj ≤ m−1
i N + 2mi ≤ 3N and |⟨αi, αj⟩| ≤ 3N. (13)

Since N = −
∑

ν∈I1 mν⟨α, αν⟩ = −
∑

i∈I
∑

ν∈I1 mimν⟨αi, αν⟩− 2
∑

ν∈I1 m
2
ν ,

we have ∑
i∈I0

∑
ν∈I1

|⟨αi, αν⟩| ≤ N + 2
∑
ν∈I1

m2
ν ≤ N + 2N2 ≤ 3N2 (14)

and therefore #∂I0 ≤ 3N2 by denoting ∂I0 := {i ∈ I0 |
∑

ν∈I1⟨αi, αν⟩ ̸= 0}.
Fix i1 ∈ ∂I0. Suppose Ji1 := {j ∈ I0 | ⟨αj , αii⟩ < 0} ̸= ∅. Note that

#Ji1 ≤ 3. Fix i2 ∈ Ji1 and put

J(i1, i2) = {i ∈ I0 | ∃ connected sequence i1, i2, . . . , ik = i in I0

with iν /∈ ∂I0 (1 < ν < k)}.

Then the Dynkin diagram of J(i1, i2) equals that in (7) or (8) or (9) or

mi1

αi1

�������� mi1 + ℓ

αi2

�������� mi1 + 2ℓ

αi3

�������� mi1 + (k − 2)ℓ

αik−1

�������� mi1 + (k − 1)ℓ

αik

��������
αj
·��������/o/o/o/o

ℓ ∈ Z>0, αj ∈ I1, J(i1, i2) = {i1, . . . , ik}, i2, . . . , ik−1 ∈ I0 \ ∂I0

(15)

or

mi1

αi1

�������� mi2

αi2

�������� mip−1

αip−1

�������� mip

αip

�������� mjq−1

αjq−1

�������� mj2

αj2

�������� mj1

αj1

��������mkr−1 αkr−1
��������mk2 αk2��������mk1 αk1��������

(16)

miν = mip − (p− ν)ℓi, mjν = mip − (q − ν)ℓj , mkν = mip − (q − ν)ℓk,

ℓi, ℓj , ℓk ∈ Z>0, i2, . . . , ip, j2, . . . , jq−1, k2, . . . , kr−1 ∈ I0 \ ∂I0,
{i1, j1, k1} ∩ ∂I0 ̸= ∅, p ≥ 2, q ≥ 2, r ≥ 2.

If the Dynkin diagram is not of the form (16), we have

#J(i1, i2) ≤ 3N +M and mi ≤ 3N (i ∈ J(j1, j2)) (17)

by the estimate (13).
Hence we assume the Dynkin diagram is of the form (16). We may

assume ℓi ≤ ℓj ≤ ℓk without loss of generality. Since ip ∈ I0, we have
2m2

ip
= mip(mip − ℓi) +mip(mip − ℓj) +mip(mip − ℓk) and therefore

ℓi + ℓj + ℓk = mip .

10



Hence 3ℓk ≥ mip and r ≤ 3.
If k1 ∈ ∂I0, r = 2 and mk1 ≤ 3N and we have

mip < 6N, #J(i1, i2) < 12N and mi < 6N for i ∈ J(i1, i2) (18)

because p < 6N and q < 6N .
Suppose k1 ∈ I0 \ ∂I0. Then r = 2 or r = 3.
If r = 3, ℓi = ℓj = ℓk = 1

3mip and we may assume i1 ∈ ∂I0 and we have
the same claim (18).

Suppose r = 2. Then ℓk = 1
2mip and 1

2mip > ℓj ≥ 1
4mip . If j1 ∈ I0 \ ∂I0,

4ℓj = 4ℓi = mip or 3ℓj = 6ℓi = mip and therefore p ≤ 5 and

#J(i1, i2) < 9 and mi ≤ 15N (i ∈ J(i1, i2)). (19)

If j1 ∈ ∂I0, q ≤ 3 and mp ≤ 9N and therefore

#J(i1, i2) ≤ 9N + 2 + 1 = 9N + 3 and mi ≤ 9N (i ∈ J(i1, i2)). (20)

Since #{(i1, i2) | i1 ∈ ∂I0, i2 ∈ I0, ⟨αi1 , αi2⟩ < 0} ≤ 3 · #∂I0 ≤ 9N2, we
have

#I ≤ 9N2 · (12N +M) + #∂I0 +#I1 ≤ 108N3 + 9MN2 + 3N2 +N,

mi ≤ 15N (i ∈ I) and |⟨αi, αj⟩| ≤ 3N (i, j ∈ I).

These estimates imply the theorem.

The proof of Theorem 2.2 assures the following finiteness of the shapes.

Corollary 2.3. If a basic root α =
∑

i∈I miαi contains a constant connected
sequence i1, . . . , ik of I such that k ≥ 2 and ⟨α, αiν ⟩ = 0 for ν = 2, . . . , k−1,
then the shape obtained from that of α by shrinking or extending the length
of the sequence corresponds to a basic root with the same index. Expressing

such a sequence by
m�������� m�������� , we have shapes of roots which may contain

such expressions. We call these shapes reduced shapes. Then the basic roots
with a fixed nonzero index are classified by a finite number of reduced shapes.
Also the indivisible basic roots with index 0 are classified by a finite number
of reduced shapes.

Remark 2.4. The Dynkin diagram of the form
α0�������� α1,1�������� α1,2�������� · · ·

α2,1��������III
III

α2,2�������� · · ·

α0,1��������
yyyyyy

α0,2�������� · · ·

α3,1��������88
88

88
88

α3,2�������� · · ·00
00
00
00

))
))
))
) is

called star-shaped. The basic roots whose shapes have star-shaped Dynkin
diagrams are studied and the finiteness of such basic roots with a fixed in-
dex is proved in [9]. The number of such shapes with index 0, −2, −4,
−6,. . . equals 4, 13, 36, 67, . . . , respectively, and the list of them is given in
[10].

11



2.3 Basic roots with index 0

Theorem 2.2 assures that in the universal symmetric Kac-Moody root system
there are only a finite number of Weyl group orbits with a fixed index. The
basic roots with index 0 are well-known and we list their shapes as follows.

m�������� m�����������
m��������???

m��������
m�������� m��������???

���

m ��������
2m ��������???

m ����������� 2m�������� m��������
���

m��������???
m�������� 2m�������� 3m�������� 2m�������� m��������2m��������m��������

m�������� 2m�������� 3m�������� 4m�������� 3m��������2m��������
2m�������� m�������� 2m�������� 3m�������� 4m�������� 5m�������� 6m�������� 4m�������� 2m��������m�������� 3m��������

These are diagrams obtained by attaching coefficients to the Dynkin dia-

grams called Euclidean diagrams, which are denoted by A
(1)
n (n ≥ 1), D

(1)
n

(n ≥ 4), E
(1)
6 , E

(1)
7 and E

(1)
8 , respectively. Here m are positive integers and

A
(1)
n and D

(1)
n have n+ 1 vertices. Moreover A

(1)
1 and D

(1)
4 mean �������� �������� and�������� �������� ����������������

�������� , respectively. Hence A
(1)
n for n ≥ 1 shall be written by �������� ���������������� �������� 6666

or �������� ��������.
2.4 Basic roots with index −2

In this section, we shall give a classification of the basic roots whose indices
are −2. Suppose that α =

∑
i∈I miαi ∈ Q is basic and idxα = −2. Retain

the notation in §2.2 and put Ni = −⟨α, αi⟩ ≥ 0. Then ⟨α, α⟩ = −
∑

i∈I miNi

and I1 = {i ∈ I | Ni > 0, mi > 0}.

Lemma 2.5. Let α ∈ Q be as above. Put

Ed (αi) := −
∑

j∈Ī\{i}

⟨αj , αi⟩, (21)

which equals the number of edges spread out from αi. Then we have the
following.
i) The cardinality #I1 is 1 or 2.
ii) If I1 = {i}, there are two cases.

Case 1: mi = 2, Ni = 1 and Ed (αi) ≤ 5.
Case 2: mi = 1, Ni = 2 and Ed (αi) ≤ 4.

iii) If I1 = {i, i′}, then mi = mi′ = Ni = Ni′ = 1, Ed (αi) ≤ 3 and
Ed (αi′) ≤ 3.

12



Proof. Since 2 =
∑

i∈I miNi =
∑

j∈I1 mjNj , we have #I1 = 1 or 2. Then
(mi, Ni) = (1, 2) or (2, 1) if I1 = {i} and mi = mi′ = Ni = Ni′ = 1 if I1 =
{i, i′}. The remaining assertions follow from Ni =

∑
j∈Ī\{i}mj⟨αj , αi⟩ −

2mi ≥ Ed (αi)− 2mi.

From this lemma and Lemma 2.1, the basic roots with index −2 are
classified by the following cases.

Case 1: I1 = {i}, mi = 2 and Ed (αi) ≤ 5
Since ∑

ν∈Ī\{i}

mν |⟨αi, αν⟩| = 5,

one of the following Case 1.1, Case 1.2 or Case 1.3 is valid.
Case 1.1: There exists αk such that mk = 1 and ⟨αi, αk⟩ < 0.
It follows from Lemma 2.1 i) that ⟨αj , αk⟩ = 0 for j ∈ Ī \ {i, k} and

⟨αi, αk⟩ = −1. Then the element α′ = α− αk ∈ Q+ satisfies ⟨α′, αi⟩ = 0 for
i ∈ Ī \{k} and suppα′ is connected. Hence the diagram of {αi | i ∈ Ī \{k}}
is one of the Euclidean diagrams A

(1)
n , D

(1)
n , E

(1)
6 , E

(1)
7 , E

(1)
8 given in the

previous section and we have the list of the shapes with indicating αi by
dotted circles.

2�������� 2·��������
1��������

1�������� 2��������1�������� 2
·��������
1�������� 2��������1�������� 1�������� 1�������� 2

·�������� 4��������2�������� 4��������
2�������� 2��������

1�������� 2
·��������1�������� 3�������� 2�������� 1��������2�������� 1��������

2
·�������� 4�������� 6�������� 4�������� 2��������4�������� 2��������

1��������
1�������� 2

·��������1�������� 3�������� 4�������� 3��������2��������
2�������� 1�������� 1�������� 2�������� 3�������� 4�������� 3��������2

·��������
2�������� 1��������

1��������
2
·��������1�������� 4�������� 6�������� 8�������� 6��������4��������

4�������� 2��������
2
·�������� 3�������� 4�������� 5�������� 6�������� 4�������� 2��������1�������� 1�������� 3��������

2�������� 3�������� 4�������� 5�������� 6�������� 4�������� 2
·��������1�������� 1��������3��������

4�������� 6�������� 8�������� 10�������� 12�������� 8�������� 4��������2
·�������� 6��������

1��������
13



Note that the first shape represents

2�������� 2·��������
1��������

2�������� 2��������2·������������ 66
66

1��������
2�������� 2�������� 2��������2·������������ ::

::

1��������
· · · , etc.,

and the part �������� ·�������� in the diagram above can be ·�������� as a special

case. Hence
2
·�������� 1��������iii

1��������66
6

1��������
1��������UUU
1����������� is a special case of the second shape.

Case 1.2: There exist αk and αk′ such that (mk,mk′) = (2, 3) and
⟨αi, αk⟩ = ⟨αi, αk′⟩ = −1.

Then cutting the shape of the basic root between αk and αi and adding
three vertices, we have one or two Euclidean diagrams with coefficients cor-
responding to some basic roots of index 0:

αk

2�������� 2

αi
·��������

αk′

3�������� −→
αk

2�������� 1
×��������1×��������

1
×��������

αi

2��������
αk′

3��������
Here each ×�������� represents a new vertex. It follows from the shapes given in

the previous section that the corresponding diagrams are D
(1)
n and E

(1)
k

(k = 6, 7, 8) and we have the following list of shapes:

2�������� 2
·�������� 3��������1�������� 1��������

2�������� 1��������2�������� 1��������
2�������� 2

·�������� 3��������1�������� 1��������
4�������� 3�������� 2�������� 1��������2��������

2�������� 2
·�������� 3��������1�������� 1��������

4�������� 5�������� 6�������� 4�������� 2��������3��������
Replacing

2�������� 2
·�������� by

2
·�������� in the above shapes, we may regard three shapes

in Case 1.1 as special cases in Case 1.2.

Case 1.3: There uniquely exists αk with k ∈ Ī such that ⟨αi, αk⟩ < 0.
Put

{j ∈ Ī | ⟨αk, αj⟩ < 0} = {i, l1, . . . , lr}

with suitable r. Note that mi = 2, mk = 5, k ∈ I0, ℓν ∈ I0 and ⟨αlν , αk⟩ =
−1 for ν = 1, . . . , r. Since

∑
j∈Ī mj⟨αk, αj⟩ = 0, we have

ml1 + · · ·+mlr = 2mk −mi = 2× 5− 2 = 8

and Lemma 2.1 iv) shows mlν ≥ 4 and mlν ̸= 5 for ν = 1, . . . .r. Hence
{ml1 , . . . ,mlr} = {4, 4} or {8}.
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Suppose {ml1 , . . . ,mlr} = {8}. Then the shape of α is

αi

2
·��������

αk

5��������
αj1

8��������
αj2

11��������
αjp

3p+ 5����������������
l′��������
�������� l′′�������� (p ≥ 1, j1 = l1)

and there exist positive integers p′ and p′′ such that p′l′ = p′′l′′ = 3p + 5.
The condition jp ∈ I0 shows

2(3p+ 5) = (3p+ 2) + (3p+ 5)
p′ − 1

p′
+ (3p+ 5)

p′′ − 1

p′′
,

2 =
3p+ 2

3p+ 5
+

p′ − 1

p′
+

p′′ − 1

p′′
,

1 =
3

3p+ 5
+

1

p′
+

1

p′′
.

Since {1− 1
p′ −

1
p′′ | p

′, p′′ ∈ Z>0}∩ (0, 1) ⊂ [16 , 1), it follows that 3p+5 =

8, 11, 14, 17 and 1− 3
3p+5 = 5

8 ,
8
11 ,

11
14 ,

14
17 . Then we can conclude p = 1 and

{p′, p′′} = {2, 8}, which corresponds to 5
8 = 1

2 + 1
8 .

Hence α is one of the following.

1�������� 2�������� 3�������� 4�������� 5�������� 4�������� 3�������� 2�������� 1��������2
·��������

1�������� 2�������� 3�������� 4�������� 5�������� 6�������� 7�������� 8�������� 4��������5�������� 2·��������
Case 2 : I1 = {i}, mi = 1 and Ed (αi) ≤ 4.
Since ∑

ν∈Ī\{i}

mν |⟨αi, αν⟩| = 4,

one of Case 2.1, . . . , Case 2.4 is valid.

Case 2.1: The condition ⟨αν , αi⟩ ̸= 0 implies mν ≤ 1.
Then it follows from Lemma 2.1 that the shape of α is the following:

1�������� 1
·�������� 1��������

Hence the diagrams is obtained by connecting Euclidean diagrams A
(1)
n (n ≥

1) and A
(1)
n′ (n′ ≥ 1) at the common vertex αi.

Case 2.2: There exists αk such that ⟨αk, αi⟩ ̸= 0 and mk = 2.

Then the shape of α is
1��������

αi

1
·��������

αk

2�������� or
αi

1
·��������

αk

2�������� or
αk

2��������
αi

1
·��������

αk′

2�������� .
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Modify these diagrams with coefficients as follows.

α :
1��������

αi

1
·��������

αk

2�������� −→ α′ :
1

αi
·�������� 2

αk

�������� (22)

α :
αi

1
·��������

αk

2�������� −→ α′′ :
1
×��������

αk

2�������� 1×��������
(23)

α :
αk

2��������
αi

1
·��������

αk′

2�������� −→ α′′′ :
αk

2�������� 1
×�������� 1

×��������
αk′

2�������� (24)

Here we do not modify the parts in the above. Then α′, α′′ and α′′′ are
elements of F with the given shapes and their indices are 0.

The element α′ ∈ F is a basic root with the diagram D
(1)
n or E

(1)
7 or E

(1)
8

and in this case α corresponds to the first four shapes in the list below.

The element α′′ ∈ F is an indivisible basic root with the diagram D
(1)
n

and we have the fifth shape in the list below.
The shape of α′′′ ∈ F is that of an indivisible basic root with the diagram

D
(1)
n or E

(1)
6 or E

(1)
7 or a disjoint union of the shapes D1 and D2 of indivisible

basic roots with the diagrams Dν ∈ {D(1)
n , E

(1)
6 , E

(1)
7 , E

(1)
8 } for ν = 1 and

2. In each case it is easy to write the shape of α and therefore we only give
some examples in the list below.

1�������� 1
·�������� 2��������1�������� 2�������� 1��������1��������

1�������� 1
·�������� 2�������� 3�������� 2�������� 1��������2�������� 1��������

1�������� 1
·�������� 2�������� 3�������� 4�������� 3�������� 2�������� 1��������2��������

1�������� 1
·�������� 2�������� 3�������� 4�������� 5�������� 6�������� 4�������� 2��������3��������

1
·�������� 2�������� 2�������� 1��������1��������

1�������� 2�������� 2�������� 1��������1
·��������

��
�� 44

44
1�������� 2�������� 2�������� 1

·��������1�������� 1��������
2�������� 2�������� 1��������1�������� 1��������

2�������� 3��������1
·�������� 2��������

2�������� 1�������� 1�������� 2�������� 2�������� 1
·��������1�������� 1��������

2�������� 3�������� 2�������� 1��������2�������� 1��������
· · ·

Case 2.3: There exists αk such that ⟨αk, αi⟩ ̸= 0 and mk = 3.

Then α corresponds to
αk′

1��������
αi

1
·��������

αk

3�������� . However applying Lemma 2.1
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iv) to the part
1�������� 1

·�������� of this shape, we can conclude that such α does
not exist.

Case 2.4: There exists αk such that ⟨αk, αi⟩ ̸= 0 and mk = 4.
In the same way as in Case 1.3 we have

{j ∈ Ī | ⟨αk, αj⟩ < 0} = {i, l1, . . . , lr},
ml1 + · · ·+mlr = 2mk −mi = 7,

mlν ≥ 2, mlν ̸= 4 (1 ≤ ν ≤ r).

Hence {mℓ1 , . . . ,mℓr} = {3, 2, 2} or {5, 2} or {4, 3} or {7}.
Suppose {mℓ1 , . . . ,mℓr} = {7}. Then α corresponds to

αi

1
·��������

αk

4��������
αj1

7��������
αj2

10��������
αjp

3p+ 4����������������
3p+4
p′

��������
�������� 3p+4

p′′�������� (p ≥ 1, j1 = l1)

and we have

2(3p+ 4) = 3p+ 1 + (3p+ 4)
p′ − 1

p′
+ (3p+ 4)

p′′ − 1

p′′
,

1 =
3

3p+ 4
+

1

p′
+

1

p′′
.

Here 3
3p+4 should be 3

7 ,
3
10 ,

3
13 or 3

16 . It is easy to see that p = 2 together

with {p′, p′′} = {2, 5} is the unique solution of the above equation.
If {mℓ1 , . . . ,mℓr} = {5, 2}, the shape of α is obtained by replacing a part

1�������� 2�������� 3�������� 4�������� 5�������� of the shape of a basic root with index 0 by
2�������� 4�������� 1·�������� 5�������� .

Hence α corresponds to one of the following:

2�������� 4�������� 1·�������� 3�������� 2�������� 1��������
2�������� 2�������� 4�������� 1·�������� 5�������� 6�������� 4�������� 2��������3��������

4�������� 4�������� 1·�������� 3�������� 2�������� 1��������
2��������2�������� 1

·�������� 4�������� 7�������� 10�������� 8�������� 6�������� 4�������� 2��������5��������
Case 3 : I1 = {i, i′}, mi = mi′ = 1, Ed (αi) ≤ 3 and Ed (αi′) ≤ 3.
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Since{∑
ν∈Ī\{i}mν |⟨αi, αν⟩|+

∑
ν∈Ī\{i, i′}mν |⟨αi′ , αν⟩| = 6,∑

ν∈Ī\{i}mν |⟨αi, αν⟩| ≥ 3,
∑

ν∈Ī\{i′}mν |⟨αi′ , αν⟩| ≥ 3,

one of Case 3.1,. . . , Case 3.4 is valid.

Case 3.1: ⟨αk, αi⟩ = ⟨αk, αi′⟩ = 0 if mk > 1.
It is easy to see that the shape of α is one of the following:

1
·�������� 1��������1����������
��
�

1��������?????

1
·�������� 1

·�������� 1
·��������1��������

��
��

1��������6666

1
·�������� 1

·��������1��������
��
�� 1�������� 1

·�������� ·
1�������� 1�������� ·

1�������� 1
·�������� 1��������

The first four shapes may be expressed by
1
·�������� ·

1�������� .
Case 3.2: There uniquely exists αk such that ⟨αk, αi⟩ ̸= 0, ⟨αk, αi′⟩ ≠ 0

and mk = 2.
Then α is

1��������
αi′

1
·�������� 1

αi
·�������� 2�������� or

2��������1
αi
·��������

??
??

? 1
αi′
·�������������

.

Hence α has one of the following shapes:

1�������� 1
·�������� 1

·�������� 2��������1�������� 2�������� 2��������1�������� 1�������� 1�������� 1
·�������� 1

·�������� 2�������� 3�������� 2�������� 1��������
2�������� 1��������

1�������� 1
·�������� 1

·�������� 2�������� 3�������� 4��������2�������� 3�������� 2�������� 1��������
1�������� 1

·�������� 1
·�������� 2�������� 3�������� 4�������� 5�������� 6�������� 4�������� 2��������3��������

2��������1 ·��������
???

1 ·�������� ��� 2�������� 1��������
���

1��������???

Case 3.3: There are different elements αk and αk′ such that ⟨αk, αi⟩ ̸= 0
and ⟨αk′ , αi′⟩ ̸= 0 and mk = mk′ = 2.

Then the shape of α is
αk

2��������
αi
·
1��������

αi′
·
1��������

αk′

2�������� and therefore the shape

αk

2�������� 1�������� 1��������
αk′

2�������� obtained by replacing ·�������� ·�������� by �������� �������� are one or two
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of the shapes of basic roots of index 0. Hence the list of the shapes of

α is obtained by replacing
2�������� ·

1�������� 2�������� by
2�������� ·

1�������� ·
1�������� 2�������� in the shapes

classified in Case 2.2. For example we have

1�������� 2�������� 2�������� 1��������1
·�������� 1

·��������
1
·�������� 2�������� 3�������� 2�������� 1��������2��������1

·��������
· · ·

Consequently the shapes in Case 2.2 may be regarded as special cases of
those in Case 3.3 except for the first five shapes listed there.

Case 3.4: There uniquely exists a pair αk and αk′ such that ⟨αk, αi⟩ ̸= 0,
⟨αk′ , αi′⟩ ̸= 0 with mk = mk′ = 3.

Suppose k = k′. Then the shape of α is
1
·�������� 3�������� ·

1�������� . Then as in Case
1.3 we have

{j ∈ Ī | ⟨αk, αj⟩ < 0} = {i, i′, l1, . . . , lr},
ml1 + · · ·+mlr = 2mk −mi −mi′ = 4.

Since mlν ≥ 2, we have {ml1 , . . . ,mlr} = {2, 2} or {4}. If {ml1 , . . . ,mlr} =
{2, 2}, it corresponds to the first shape in the list below .

If {ml1 , . . . ,mlr} = {4}, the shape of α is obtained by replacing a part

1�������� 2�������� 3�������� 4�������� of the shape of a basic root with index 0 by

1�������� 3
·��������MMM

1�������� qqq

4�������� .

It corresponds to the second and the third shape in the below.

Suppose k ̸= k′. Then the shape of α contains
1
·�������� 3�������� twice and we

have
{j ∈ Ī | ⟨αk, αj⟩ < 0} = {i, l1, . . . , lr},

ml1 + · · ·+mlr = 2mk −mi = 5

and mlν ≥ 2 for ν = 1, . . . , r. Hence {ml1 , . . . ,mlr} = {3, 2} or {5}. If
{ml1 , . . . ,mlr} = {3, 2}, Lemma 2.1 iv) assures that the shape of α is the
forth shape in the below.

Suppose {ml1 , . . . ,mlr} = {5}. The shape of α is

αi

1
·��������

αk

3��������
αj1

5��������
αj2

8��������
αjp

2p+ 3����������������
2p+3
p′

��������
�������� 3�������� 1

·��������
with p ≥ 1 and j1 = l1. Then 2(2p+3) = 2+2+ (2p+3)p

′−1
p′ , which means

1 = 4
2p+3 +

1
p′ and we have (p, p′) = (1, 5). The shape of α is the last one in
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below. Thus we see the following list:

1�������� 2�������� 3�������� 2�������� 1��������1
·��������
1
·�������� 1�������� 2�������� 3�������� 4�������� 3�������� 1

·��������2�������� 1
·��������

4��������2�������� 6�������� 5�������� 4�������� 3�������� 1
·��������3�������� 1

·��������
1
·�������� 3�������� 2�������� 1��������

3�������� 2�������� 1��������
1
·�������� 1

·�������� 3�������� 5�������� 3�������� 1·��������
4�������� 3�������� 2�������� 1��������

3 Spectral types of differential equations

In this section, we consider linear differential equations on the Riemann
sphere whose singular points are regular singular or unramified irregular
singular points. For these differential equations, we define spectral types
as tuples of integers representing multiplicities of characteristic exponents
of local formal solutions where we ignore integer differences of character-
istic exponents. We shall classify orbits of spectral types under algebraic
transformations on differential equations, called the Euler transform and
the addition and show the finiteness of orbits with a fixed index of rigidity,
where we note that the index does not change under the transformations.

First we explain that spectral types can be seen as elements of a cer-
tain Z-lattice L which has a group action defined by these transformations.
Moreover we shall see that there exists a Kac-Moody root lattice QL and
the lattice L can be seen as a quotient lattice of QL. Then the group action
on L coincides with the Weyl group action on QL and an analogy of the
root system for L shall be defined. As in the previous section, we study the
classification of basic roots of L, in particular we show the finiteness of basic
roots with a fixed index and give lists of basic roots with index 0 and −2.

3.1 Differential equations and spectral types

The detail of this section can be found in [7]. Let K be an algebraically
closed field of characteristic zero. Let W [x] = K[x][∂] be the ring of differ-
ential operators with polynomial coefficients and W (x) = K(x)[∂] the ring
of differential operators with coefficients in K(x). Moreover W ((x)) denotes
the ring of differential operators with coefficients in K((x)), the quotient
field of the ring of formal power series K[[x]].

3.1.1 Local structures

In this section we review the local structure of elements in W (x). We fix an
element in W (x), P =

∑n
i=0 ai(x)∂

i (an(x) ̸= 0). Here the non-negative in-
teger n is called the rank and written by rankP . For c ∈ K and a monomial
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(x− c)a∂b, we introduce the weight

wt c((x− c)a∂b) := a− b.

The weight of P ∈ W (x) ⊂ W ((x− c)) is defined by

wt c(P ) := min
{
wt c((x− c)i∂j) | P =

∑
i, j

ai,j(x− c)i∂j , ai,j ̸= 0
}
.

For f(x) ∈ K((x− c)), weight wtc(f(x)) is defined by regarding f(x) as an
element in W ((x− c)).

For an integer k, the k-homogeneous part of P ∈ W ((x− c)) is

P(k) :=
∑

i−j=k

ai,j(x− c)i∂j

if P =
∑

i,j ai,j(x− c)i∂j with ai,j ∈ K.
Similarly we can define wt∞ by

wt∞(xa∂b) = b− a.

The singular points of P are poles of ai(x)
an(x)

(i = 1, . . . , n). We also say
that ∞ is a singular point of P if

P (∞) :=

n∑
i=0

ai(
1

x
)(−x2∂)i

has a singular point at 0. Suppose that c (̸= ∞) is a singular point of P .
The wt c(P )-homogeneous part of P equals∑

i−j=wt c(P )

ai,j(x− c)i∂j

and then the characteristic polynomial of P at c is defined by

Cc(P )(t) :=
∑

i−j=wt c(P )

ai,jt(t− 1) · · · (t− j + 1).

If degK[t]Cc(P )(t) = rankP, we say that c is a regular singular point of P .
Otherwise, c is an irregular singular point of P . For the point ∞, we can
define characteristic polynomials, regular and irregular singular points as
well as the above replacing x− c by 1

x .
Suppose that c is an irregular singular point of P . For simplicity of

notation, we put c = 0. There exists an algebraic extension K((x
1
q )) of

K((x)) for a positive integer q and we denote the ring of differential operators

with coefficients in K((x
1
q )) by Wq((x)). Then we can decompose the left-

Wq((x))-module Wq((x))/Wq((x))P as follows.
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Definition 3.1 (Local decomposition (see [8] for example)). For P ∈ W (x)
with an irregular singular point c, there exists the algebraic extension K(((x−
c)

1
q )) of K((x − c)), distinct polynomials wi of (x − c)

− 1
q with no constant

terms and Pi(t) ∈ K(((x − c)
1
q ))[t] for 1 ≤ i ≤ r such that we have the

following.
i) Each Pi(ϑc) has a regular singular point at c.
ii) We can write P as the least left common multiple of

{P1(ϑc − w1), . . . , Pr(ϑc − wr)}.

Namely there exist Ri ∈ Wq((x− c)) such that

P = RiPi(ϑc − wi) for i = 1, . . . , r.

Here ϑc = (x − c)∂ and for Q(t) =
∑

ν≥0 qν(x)t
ν ∈ K(((x − c)

1
q ))[t] and

w ∈ K(((x− c)
1
q ))), we put

Q(ϑc − w) =
∑
ν≥0

qν(x)(ϑc − w)ν .

iii) We have the decomposition

Wq((x− c))/Wq((x− c))P ≃
r⊕

i=1

Wq((x− c))/Wq((x− c))Pi(ϑc − wi)

as Wq((x− c))-modules.
We call the decomposition in iii) the local decomposition of P at c. More-

over we call Pi(ϑc − wi) ∈ Wq((x− c)) local factors and wi the exponential
factors of Pi(ϑc − wi) for 1 ≤ i ≤ r.

If the local decomposition at c is obtained in W1((x− c)) = W ((x− c)),
we say that c is an unramified irregular singular point. Otherwise, c is called
a ramified irregular singular point.

We introduce the notion of spectral data. Let P ∈ W ((x)). We regard
the left W ((x))-module MP = W ((x))/W ((x))P as the K((x))-vector space
of dimMP = rankP. For a basis {u1, . . . , un} of MP as K((x))-vector space,
we can represent the action of ϑ = x∂ by the matrix as follows. For u ∈ MP ,
there exists A = (aij)1≤i≤n

1≤j≤n
∈ M

(
n,K((x))

)
such that

ϑui =

n∑
j=1

aijuj .

Moreover if 0 is a regular singular point of P , there exists a basis such that
we can take A ∈ M(n,K). We call this matrix A ∈ M(n,K) a local matrix
of P at 0. For any other regular singular point c ∈ K and ∞, we can define
a local matrix in the same way.
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Definition 3.2 (Spectral data). Fix m1, . . . ,ms ∈ Z>0 and λ1, . . . , λs ∈ K
which satisfy

λi − λj /∈ Z (i ̸= j).

We say P ∈ W (x) has the spectral data

{(λ1, . . . , λs); (m1, . . . ,ms)}

at c if P has a regular singular point at c and satisfies the following.
i) The characteristic polynomial is

Cc(P )(t) = C
s∏

i=1

mi−1∏
j=0

(
t− (λi + j)

)
for a constant C.

ii) A local matrix of P is a semisimple matrix.

Here we note that condition ii) does not depend on the choice of local
matrices.

3.1.2 Spectral types and the Euler transform

Fix P ∈ W (x) satisfying the assumption below.

Assumption 3.3. We assume that P ∈ W (x) satisfies the following.
i) All singular points of P , written by c0 = ∞, c1, . . . , cp ∈ K, are regular

singular or unramified irregular singular points.
ii) Denote the set of local factors of P at ci by

{Pi,1(ϑci − wi,1), . . . , Pi,ki(ϑci − wi,ki)}.

Then there exist positive integers mi,j,s and λi,j,s ∈ K for i = 0, . . . , p, j =
1, . . . , ki, s = 1, . . . , li,j such that λi,j,s−λi,j,s′ /∈ Z if s ̸= s′ and Pi,j(ϑ) have
spectral data {

(λi,j,1, . . . , λi,j,li,j ); (mi,j,1, . . . ,mi,j,li,j )
}
,

respectively. Here wi,j are the exponential factors of the corresponding local
factors.

Put

λ(P ) =
(
(λi,j,1, . . . , λi,j,li,j )

)
0≤i≤p
1≤j≤ki

,

m(P ) =
(
(mi,j,1, . . . ,mi,j,li,j )

)
0≤i≤p
1≤j≤ki

.
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The index of rigidity is defined by

idxP := −
p∑

i=0

∑
1≤j ̸=j′≤ki

di(j, j
′)
( li,j∑
s=1

mi,j,s

)( li,j′∑
s′=1

mi,j′,s′

)

+

p∑
i=0

ki∑
j=1

li,j∑
s=1

m2
i,j,s − (p− 1)(rankP )2

(25)

where di(j, j
′) = −wtci(wi,j − wi,j′) for i = 0, . . . , p and j, j′ = 1, . . . , ki.

Here we notice that these di(j, j
′) satisfy

di(j, j
′) = 0 if and only if j = j′

di(j, j
′) = di(j, j

′),

di(j1, j2) ≤ max
{
di(j1, j3), di(j2, j3)

} (26)

for all i = 0, . . . , p and j, j′, j1, j2, j3 ∈ {1, . . . , ki}.

Remark 3.4. The index of rigidity is defined by N. Katz in [4] and can be
computed from local structures of differential equations (see Proposition 3.1
in [1] for example). One can check that our definition of the index of rigidity
coincides with the original one.

Remark 3.5. Suppose P ∈ W (x) satisfies Assumption 3.3 and put Zi :=⊕ki
j=1 Zli,j . If p > 0 and there exists i0 ∈ {0, . . . , p} such that ki0 = 1 and

li0,1 = 1, then ci0 is not a singular point of Ad (e−wi0,1)Ad ((x−ci0)
−λi0,1,1)P .

Here the operator Ad (f(x)) is defined in Definition 3.8. Hence in this case,
we identify m(P ) and pr{0,...,p}\{i0}m(P ). Here pr{0,...,p}\{i0} :

⊕p
i=0 Zi →⊕

i∈{0,...,p}\{i0} Zi is the natural projection.
Thus for m(P ), we assume ki · li,ki > 1 for all i = 0, . . . , p if p > 0.

Definition 3.6 (Spectral type). Choose arbitrary integers p ∈ Z≥0, ki ∈
Z>0 (i = 0, . . . , p) and li,j ∈ Z>0 (i = 0, . . . , p, j = 1, . . . , ki). Fix integers
di(j, j

′) ∈ Z≥0 satisfying the relation (26) and take a tuple of positive integers

m = ((mi,j,1, . . . ,mi,j,li,j )) 0≤i≤p
1≤j≤ki

∈
p⊕

i=0

ki⊕
j=1

Zli,j
≥0 .

Then we call m with the integers (di(j, j
′)) 0≤i≤p

1≤j,j′≤ki

a spectral type.

The spectral type of P ∈ W (x) satisfying Assumption 3.3 is defined by
m = m(P ) and di(j, j

′) = −wtci(wi,j − wi,j′). A spectral type is called
irreducible if there exists an irreducible operator P ∈ W (x) with the spectral
type which satisfies Assumption 3.3.
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In the remaining of this paper, we investigate orbits of spectral types
under the action of the twisted Euler transform which is defined below. The
following is one of our main theorem which tells us that the finiteness of
Euler transform orbits of spectral types with a fixed index of rigidity.

Theorem 3.7. Fix an integer r ≥ 0. If r > 0, there exist only a finite
number of orbits of irreducible spectral types with index of rigidity −r under
the action of twisted Euler transforms.

Moreover there exist a finite number of orbits of indivisible irreducible
spectral types with index of rigidity 0 under the action of twisted Euler trans-
forms.

Here we say that a spectral type m =
(
(mi,j,1, . . . ,mi,j,li,j )

)
0≤i≤p
1≤j≤ki

with in-

tegers is indivisible if the greatest common divisor of {mi,j,s | i = 0, . . . , p, j =
1, . . . , ki, s = 1, . . . , li,j} is 1.

This theorem follows from Theorem 3.15 and Theorem 3.24 which appear
in the latter sections.

We give a brief review of algebraic transformations on W [x] and W (x).

Definition 3.8 (Addition). For f(x) ∈ K(x), define

Ad (e
∫
f(x) dx) : W (x) −→ W (x)

x 7−→ x
∂ 7−→ ∂ − f(x)

.

In particular,

Ad ((x− c)λ) : W (x) −→ W (x)
x 7−→ x

∂ 7−→ ∂ − λ
x−c

for c, λ ∈ K is called the addition at c with the parameter λ.

Definition 3.9 (Fourier-Laplace transform). The Fourier-Laplace trans-
form is the K-algebra automorphism of W [x],

L : W [x] −→ W [x]
x 7−→ −∂
∂ 7−→ x

.

Definition 3.10 (Primitive component). We say that P =
∑n

i=0 ai(x)∂
i ∈

W [x] is primitive if
i) gcdK[x]{ai(x) | i = 0, . . . , n} = 1,
ii) the highest term an(x) is monic.
For P ∈ W (x), there exist f(x) ∈ K(x) and the primitive element P̃ ∈

W [x], and then we can decompose P by

P = f(x)P̃ ,
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uniquely.
We denote the primitive element by Prim(P ) and call this the primitive

component of P .

Definition 3.11 (Euler transform). The Euler transform of P ∈ W (x) with
the parameter λ is

E(λ)P := L ◦ Prim ◦Ad (xλ) ◦ L−1 ◦ Prim(P ) ∈ W [x].

For P ∈ W (x) satisfying Assumption 3.3, we consider following special
Euler transforms.

Definition 3.12 (Twisted Euler transform). Let P ∈ W (x) satisfying As-
sumption 3.3. Define J :=

⊕p
i=0{1, . . . , ki}. Then for ĵ = (j0, . . . , jp) ∈ J ,

the twisted Euler transform E(ĵ)P is

E(ĵ)P :=

p∏
i=0

Ad
(
ewi,ji

) p∏
i=1

Ad
(
(x− ci)

λi,ji,1
)

◦ E(1− λ(P ; ĵ))

p∏
i=1

Ad
(
(x− ci)

−λi,ji,1
) p∏
i=0

Ad
(
e−wi,ji

)
P

where

λ(P ; ĵ) :=

p∑
i=0

λi,ji,1.

The following theorem gives explicit changes of spectral types induced
by the twisted Euler transform.

Theorem 3.13 (Theorem 3.2 in [7]). Let P ∈ W (x) satisfying Assump-
tion 3.3. Choose ĵ = (j0, . . . , jp) ∈ J and suppose λ(P ) is generic (see [7,
Theorem 2.18]).

Then E(ĵ)P ∈ W (x) also satisfies conditions in Assumption 3.3. If the
spectral type of Pĵ = E(ĵ)P is m(Pĵ) =

(
(m̃i,j,1, . . . , m̃i,j,li,j )

)
0≤i≤p
1≤j≤ki

with

(d̃i(j, j
′)) 0≤i≤p

1≤j, j′ ≤ki

, then we have

m̃i,j,1 = mi,j,1 + d(ĵ) if j = ji,

m̃i,j,s = mi,j,s otherwise,

d̃i(j, j
′) = di(j, j

′)

where

d(ĵ) =

p∑
i=1

ki∑
j=1

(
−wtci(wi,j − wi,ji) + 1

) li,j∑
s=1

mi,j,s

+

k0∑
j=1

(
−wtc0(w0,j − w0,j0)− 1

) l0,j∑
s=1

m0,j,s −
p∑

i=0

mi,ji,1.
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3.2 The Lattice of spectral types and the root system

Theorem 3.13 shows that twisted Euler transforms E(ĵ) (ĵ ∈ J ) induce
transformations of the spectral type m(P ) of P ∈ W (x) satisfying Assump-
tion 3.3. From these transformations we shall construct a transformation
group on a certain lattice where m(P ) can be seen as an element in this
lattice. Moreover we shall see this lattice with the transformation group is
a quotient lattice of a Kac-Moody root lattice.

3.2.1 The Lattice of spectral types

Choose arbitrary integers p ∈ Z≥0, ki ∈ Z>0 (i = 0, . . . , p) and li,j ∈
Z>0 (i = 0, . . . , p, j = 1, . . . , ki). Fix integers di(j, j

′) ∈ Z≥0 satisfying
the relation (26).

Then we consider the following Z-lattice

L :=
{(

(mi,j,1, . . . ,mi,j,li,j )
)
0≤i≤p
1≤j≤ki

∈
p⊕

i=0

ki⊕
j=1

Zli,j

∣∣∣ k0∑
j=1

l0,j∑
s=1

m0,j,s = · · · =
kp∑
j=1

lp,j∑
s=1

mp,j,s

}
.

We denote the set of positive elements in L by

L+ := L ∩
p⊕

i=0

ki⊕
j=1

Zli,j
≥0

and define the rank of m =
(
(mi,j,1, . . . ,mi,j,li,j )

)
0≤i≤p
1≤j≤ki

∈ L by

rankm :=

ki∑
j=1

li,j∑
s=1

mi,j,s

for any i = 0, . . . , p. Note that the definition of rankm is independent of
the choice of i = 0, . . . , p.

Then we define transformations on L as an analogy of the transfor-
mation of spectral types given in Theorem 3.13. Namely, for each ĵ =
(j0, j1, . . . , jp) ∈ J :=

⊕p
i=0{1, . . . , ki}, we define the lattice transformation

on L,

σ(ĵ) : L −→ L
m =

(
(mi,j,1, . . . , ai,j,li,j )

)
0≤i≤p
1≤j≤ki

7−→
(
(m̃i,j,1, . . . , m̃i,j,li,j )

)
0≤i≤p
1≤j≤ki

,

where

m̃i,j,1 := mi,j,1 + d(m; ĵ) if (i, j) = (i, ji),

m̃i,j,s := mi,j,s otherwise
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and

d(m; ĵ) :=

p∑
i′=1

ki′∑
j′=1

(
di′(j

′, ji′) + 1
) li′,j′∑
s=1

mi′,j′,s

+

k0∑
j′=1

(
d0(j

′, j0)− 1
) l0,j′∑
s=1

m0,j′,s −
p∑

i′=0

mi′,ji′ ,1
.

In addition, for i0 = 0, . . . , p, j0 = 1, . . . , ki0 , s0 = 1, . . . , li0,j0 − 1, we
also define permutations on L,

σ(i0, j0, s0) : L(P ) −→ L(P )

mi0,j0,s0 7−→ mi0,j0,s0+1

mi0,j0,s0+1 7−→ mi0,j0,s0

mi,j,s 7−→ mi,j,s (i, j, s) ̸= (i0, j0, s0), (i0, j0, s0 + 1).

Then L has the action of the group W generated by these σ(ĵ), σ(i, j, s),
i.e.,

W :=

⟨σ(ĵ), σ(i, j, s) | ĵ ∈ J , i = 0, . . . , p, j = 1, . . . , ki, s = 1, . . . , li,j − 1⟩.

We call L with W action the lattice of spectral types and denote it by
(L,W ) or shortly by L.

3.2.2 The lattice of spectral types as a quotient lattice

We shall explain that the lattice of spectral types (L,W ) can be seen as a
quotient lattice of the Kac-Moody root lattice QL with the index set

I := J ⊔ {(i, j, s) | i = 0, . . . , p, j = 1, . . . , ki, s = 1, . . . , li,j − 1}

and the basis {αt | t ∈ I}. Namely, QL :=
⊕

t∈I Zαt. We define the sym-
metric bilinear form ⟨ , ⟩ on QL,

⟨αĵ , αĵ′⟩ := 2−
∑

0≤i≤p
ji ̸=j′i

(di(ji, j
′
i) + 1),

⟨αĵ , α(i,j,s)⟩ :=

{
−1 if ji = j and s = 1,

0 otherwise,

⟨α(i,j,s), α(i′,j′,s′)⟩ :=


2 if (i, j, s) = (i′, j′, s′),

−1 if (i, j) = (i′, j′) and |s− s′| = 1,

0 otherwise.
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Here ĵ = (j0, . . . , jp), ĵ′ = (j′0, . . . , j
′
p) ∈ J . Let WL := ⟨σt | t ∈ I⟩ be the

Weyl group of QL. Then we have the surjection Φ: QL → L by which WL

action on QL coincides with the W action on L.

Theorem 3.14 (Theorem 3.3 in [7]). Define the Z-module homomorphism

Φ: QL −→ L

as follows. For

α =
∑
ĵ∈J

mĵαĵ +

p∑
i=0

ki∑
j=1

li,j−1∑
s=1

m(i,j,s)α(i,j,s) ∈ QL,

the image Φ(α) =
(
(m̄i,j,1, . . . , m̄i,j,li,j )

)
0≤i≤p
1≤j≤ki

is given by

m̄i,j,1 =
∑

{ĵ∈J |ji=j}

mĵ −m(i,j,1),

m̄i,j,s = m(i,j,s−1) −m(i,j,s) for 2 ≤ s ≤ li,j .

Here we put m(i,j,li,j) = 0. Then we have the following.
i) The map Φ is surjective.
ii) Φ is injective if and only if #{i ∈ {0, 1, . . . , p} | ki > 1} ≤ 1.
iii) The Weyl group action on QL corresponds to the action of W on L.

Namely, we have

Φ(σĵα) = σ(ĵ)Φ(α) (α ∈ QL),

Φ(σ(i,j,s)α) = σ(i, j, s)Φ(α) (α ∈ QL).

iv) If α ∈ KerΦ, then ⟨α, β⟩ = 0 for any β ∈ QL.
v) Let m ∈ L. Then we have

⟨α, αĵ⟩ = −d(m; ĵ) (α ∈ Φ−1(m), ĵ ∈ J )

vi) For α ∈ Φ−1(m), we have

⟨α, α⟩ =−
p∑

i=0

∑
1≤j ̸=j′≤ki

di(j, j
′)

( li,j∑
s=1

mi,j,s

)( li,j′∑
s′=1

mi,j′,s′

)

+

p∑
i=0

ki∑
j=1

li,j∑
s=1

m2
i,j,s − (p− 1)(rankm)2.

Form vi) in this theorem, we define the index of rigidity of m ∈ L by

idxm := idxα = ⟨α, α⟩

for α ∈ Φ−1(m).

29



3.2.3 Φ-root system

We shall define the Φ-root system of (L,W ) which is an analogue of the root
system of QL.

First consider the following subset of L,

∆Φ
re :=

∪
ĵ∈J

WΦ(αĵ),

i.e., the union of W -orbits of Φ(αĵ), which is called the set of Φ-real roots.
We also consider the subset

FΦ :=

{
m ∈ L+ \ {0}

∣∣∣∣ mi,j,1≥mi,j,2≥···≥mi,j,li,j
, d(m;ĵ)≥0

for all i=0,...,p, j=1,...,ki,ĵ∈J ,
Wm⊂L+

}
.

Then the set of Φ-imaginary roots is

∆Φ
im := WFΦ ∪ −WFΦ.

We call
∆Φ := ∆Φ

re ∪∆Φ
im

the set of Φ-roots.

3.2.4 Spectral types of differential equations and root systems

We explain that for P ∈ W (x) satisfying Assumption 3.3, the spectral type
of P can be seen as an element in the lattice of spectral types (L,W ).

Suppose P ∈ W (x) satisfies Assumption 3.3. If we put

di(j, j
′) = −wtci(wi,j − wi,j′)

for i = 0, . . . , p and j, j′ = 1, . . . , ki, then di(j, j
′) satisfy the relations (26).

Thus we can define the lattice of spectral types (L,W ) and see m(P ) ∈
L. Then the index of rigidity of P equals that of m(P ) ∈ L, namely,
idxP = idxm(P ). Also rankP = rankm(P ) as well.

Theorem 3.13 shows that the spectral types of Pĵ = E(ĵ)P (ĵ ∈ J ) are

obtained by the transformation σ(ĵ) on L, i.e.,

m(Pĵ) = σ(ĵ)m(P ).

Hence we can associate an element in ∆Φ to P as follows.

Theorem 3.15 (Theorem 3.11 in [7]). Suppose λ(P ) is generic (see [7,
Definition 3.8]). If P is irreducible in W (x), then we have the following.

i) m(P ) ∈ ∆Φ.
ii) If idxm(P ) > 0, then idxm(P ) = 2.
iii) We have

m(P ) ∈

{
∆Φ

re if idxm(P ) = 2,

∆Φ
im if idxm(P ) ≤ 0.
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3.3 A classification of basic pairs

At the end of §3.2, we see that the spectral type of the irreducible operator
P ∈ W (x) satisfying Assumption 3.3 corresponds to an element in ∆Φ+ =
∆Φ∩L+. By the definition of ∆Φ, any element in ∆Φ+ can be reduced to an
element in {Φ(αĵ) | ĵ ∈ J } ⊔ FΦ by W action. This means that m(P ) can

be reduced to an element in {Φ(αĵ) | ĵ ∈ J } ⊔ FΦ by the Euler transform.
Thus to see Euler transform orbits of spectral types, it suffices to see

elements in FΦ ⊔ {Φ(αĵ) | ĵ ∈ J }.
The differential operator corresponding to an element in {Φ(αĵ) | ĵ ∈ J }

is an obvious operator of the first order. Hence we study FΦ.

Definition 3.16 (Basic pair). Let (L,W ) be a lattice of spectral types with
W -action. Denote the corresponding Kac-Moody root lattice by QL and the
surjection by Φ: QL → L defined as in §3.2.2. We also define the subset
FΦ ⊂ L as in §3.2.3.

Choose an element m =
(
(mi,j,1, . . . ,mi,j,li,j )

)
0≤i≤p
1≤j≤ki

∈ FΦ and suppose

mi,j,s ̸= 0 for all i = 0, . . . , p, j = 1, . . . , ki and s = 1, . . . , li,j.
Then we call (m, L,W ) the basic triple. We usually omit W and call

(m, L) the basic pair.

We define the shape of a basic pair (m, L).

Definition 3.17 (Shape of a basic pair). Let (m, L) be a basic pair. The
shape of (m, L) is the set of shapes of elements in Φ−1(m) ⊂ QL.

Example 3.18. For example, suppose p = 1, k0 = k1 = 2, li,j = 1 (i = 0, 1
and j = 1, 2), d0(1, 2) = d1(1, 2) = 1. Consider m = ((mi,j,1))0≤i≤1

1≤j≤2
such

that mi,j,1 = 1 for all i, j. Then (m, L) is a basic pair and its shape is

1− a�������� 1− a��������
�����
�����

a��������
a��������??

??
?
??

??
?

(a ∈ Z), (27)

where we simply denote {xa | a ∈ Z} by xa (a ∈ Z).

Suppose p = 0, k0 = 4, d0(i, j) = 2 for 1 ≤ i < j ≤ 4 and l0,ν = 2 for
1 ≤ ν ≤ 4. If m0,j,1 = 1 for 1 ≤ j ≤ 4, the shape of (m, L) equals

1 �������� 1��������
�����

1 ��������
1��������??

??
?

. (28)

Now we prepare the following lemma to have an element in Φ−1(m)∩Q+
L .
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Lemma 3.19. Let
(
mi,j

)
0≤i≤p
1≤j≤ki

be a tuple of p + 1 partitions of a positive

integer n, namely, n, p, mi,j and ki are positive integers satisfying

mi,1 + · · ·+mi,ki = n (j = 0, . . . , p).

Then there exist non-negative integers m̃ν0,...,νp for 1 ≤ νi ≤ k and 0 ≤ i ≤ p
such that

∑
0≤j≤p
j ̸=i

kj∑
νj=1

m̃ν0,ν1,...,νp = mi,νi (0 ≤ i ≤ p, 1 ≤ νi ≤ ki),

m̃j0,...,jp · m̃j′0,...,j
′
p
̸= 0 ⇒


jν ≤ j′ν (0 ≤ ν ≤ p)

or

jν ≥ j′ν (0 ≤ ν ≤ p),

m̃1,...,1 · m̃k0,...,kp ̸= 0.

Proof. Put

m̃ν0,...,νp = #{k ∈ {1, 2, . . . , n} |
mj,1 + · · ·+mj,νj−1 < k ≤ mj,1 + · · ·+mj,νj for j = 0, . . . , p}.

Then the lemma is clear. Here we note that m̃1,...,1 = min{m0,1, . . . ,mp,1}
and m̃k0,...,kp = min{m0,k0 , . . . ,mp,kp}.

Definition 3.20. Fix m =
(
(mi,j,1, . . . ,mi,j,li,j )

)
0≤i≤p
1≤j≤ki

∈ L+. Put n =

rankm and mi,j =
∑li,j

j=1mi,j,s. Applying Lemma 3.19 to m and putting

mĵ = m̃ν0,...,νp (ĵ = (ν0, . . . , νp)) and m(i,j,s) =
∑li,j

t=s+1mi,j,t, we define

α(m) :=
∑
ĵ∈J

mĵαĵ +

p∑
i=0

ki∑
j=1

li,j−1∑
s=1

m(i,j,s)α(i,j,s) ∈ Φ−1(m) ∩Q+
L .

The following lemma gives some properties of α(m).

Lemma 3.21. Retain the notation in Definition 3.20.
Let I be the index set of the basis of QL :

I = J ⊔ {(i, j, s) | i = 0, . . . , p, j = 1, . . . , ki, s = 1, . . . , li,j − 1}.

Put Cm = suppα(m) and define

Ī := {i ∈ I | αi ∈ Cm}, I0 := {t ∈ Ī | ⟨α(m), αt⟩ = 0}, I1 := Ī \ I0.

Assume k0 ≥ k1 ≥ · · · ≥ kN−1 > kN = · · · = kp = 1. Here N is a
non-negative integer. Put ĵ0 = (1, . . . , 1) ∈ J , ĵ1 = (k0, . . . , kp) ∈ J .
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i) The element α(m) is indivisible if m is indivisible.
ii) We have mĵ0

> 0, mĵ1
> 0 and

⟨αĵ0
, αĵ1

⟩ ≤ 2− 2N,

max{k0, . . . , kp} ≤ #(Ī ∩ J ) ≤ 1 +

p∑
i=0

(ki − 1),∑
ĵ∈Ī∩J

mĵ = rankm.

iii) The Dynkin diagram of a subset of Cm is never equal to D
(1)
n with

n > 4.

Preceding to the proof of Lemma 3.21, we remark the following.

Lemma 3.22. Let ĵν = (jν,0, . . . , jν,p) ∈ J for ν = 1, 2, . . .. Then we have

⟨αĵ1
, αĵ2

⟩ ≤ 2− 2#{i ∈ {0, 1, . . . , p} | j1,i ̸= j2,i}, (29)

⟨αĵ1
, αĵ2

⟩ = ⟨αĵ1
, αĵ3

⟩ = 0 ⇒ ⟨αĵ2
, αĵ3

⟩ ̸= −1. (30)

Proof. Definition 3.20 directly shows (29). Suppose −1 ≤ ⟨αĵν
, αĵν′

⟩ ≤ 0

for 1 ≤ ν < ν ′ ≤ 3. Then there exists l ∈ Z≥0 such that j1,i = jν,i for
i ∈ {0, . . . , p} \ {l} and therefore (30) follows from the relation (26).

Proof of Lemma 3.21. The claims i) and ii) follow from Definition 3.20,
Lemma 3.19 and (29).

iii) Suppose the Dynkin diagram of a subset of Cm is D
(1)
n with n > 4 :

αi7

��������
αi2

��������
αi1

��������αi3 �������� ???
αi4 �������� ��� αi5��������

���

αi6��������??? .

Define cµ,ν = ⟨αiµ , αiν ⟩. For iν ∈ I put iν = (jν,0, . . . , jν,p) if iν ∈ J and
put iν = (kν , jν , sν) otherwise. The proof of Lemma 3.22 shows that there
exists l with 0 ≤ l ≤ N such that jν,i = jν′,i if i ̸= l and iν , iν′ ∈ J .

Suppose i1 ∈ J and i2 ∈ J . Then (30) shows #({i3, i4, i5, i6} ∩ J ) ≤ 1
and there exists iν /∈ J such that iν = (kν , jν , 1) with kν ̸= l and jν = j1,kν .
Then cν,1 = cν,2 = −1, which contradicts to the Dynkin diagram.

Suppose i1 /∈ J and i2 ∈ J . Then {i3, i4} ∩ J ̸= ∅. We may assume
i3 ∈ J and then the claim i) shows i5 /∈ J and i6 /∈ J , The same argument
as above shows c3,5 = −1 or c3,6 = −1, which leads a contradiction.

Lastly suppose i1 = (k1, j1, 1) /∈ J and i2 /∈ J . We may assume i3 ∈ J
and i5 ∈ J . Then there exists αi7 ∈ J such that i7 ̸= i3, i7 ̸= i4 and
c1,7 = −1. Since c1,7 = c1,3 = −1, we have k1 ̸= l, j1 = j3,k1 and c1,5 = −1,
which leads a contradiction.
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We shall show some properties of α(m) when (m, L) is basic.

Lemma 3.23. Retain the notation and the assumption in Lemma 3.21.
Suppose (m, L) is basic.

i) Cm is connected.
ii) Put α′ =

∑
i∈Ī′ miαi for a proper subset Ī ′ & Ī. Then

idxα′ > idxα(m).

iii) We have

⟨αi1 , αi2⟩ ≥ 1
2 idxm− 2 for i1, i2 ∈ Ī (31)

and the equality holds if and only if the shape of α(m) is

m�������� m��������k
(m = 1 if k ≠ 2) (32)

with k = 1
2 − idxm.

iv) We have
N ≤ 2 + 1

4 |idxm| (33)

and the equality holds if and only if the shape of α(m) is the one in (32)
with k = 2N − 2.

v) Suppose (m, L) is basic. Let αi1 , αi2 , . . . , αiK be a constant connected
sequence in I0 (k > 1). Then K ≤ 4 and 1 ≤ N ≤ 2.

If K = 4, then N = 1 and the shape of α(m) is
m �������� m��������m �������� m��������

.

Suppose N = 2 and K = 3. Then i2 = ĵ2 or i2 = ĵ3 by denoting

ĵ2 := (1, k1, 1, . . . , 1) ∈ J and ĵ3 := (k0, 1, 1, . . . , 1) ∈ J .

Moreover i1 /∈ J and i3 /∈ J .

Proof. i) We say that two elements α and α′ in Cm are connected in Cm if
they belong to a connected component of the Dynkin diagram of Cm. Note
that αĵ0

and αĵ1
are connected in Cm.

Fix α(i,j,s) with 1 ≤ s ≤ li,j − 1. Then there exists ĵ = (j0, . . . , jp) such
that αĵ ∈ Cm and ji = j. Then α(i,j,s) and αĵ are connected in Cm.

Let ĵ ∈ J with αĵ ∈ Cm. If N ≥ 3, then ⟨αĵ0
, αĵ⟩ ̸= 0 or ⟨αĵ1

, αĵ⟩ ̸= 0,
which means αĵ and αĵ0

are connected in Cm and therefore Cm is connected.

Hence we assume N = 2 and ⟨αĵ0
, αĵ⟩ = ⟨αĵ1

, αĵ⟩ = 0. Then ĵ = ĵ2 or

ĵ = ĵ3.
Suppose ĵ = ĵ2. Then αĵ3

/∈ Cm, which follows from Lemma 3.19. Since
α(m) is basic, there exists α ∈ Cm satisfying ⟨α, αĵ2

⟩ < 0.
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Suppose α = αĵ′ with ĵ′ ∈ J , ĵ′ = (1, j1, . . . , 1) or ĵ
′ = (j0, k1, 1, . . . , 1).

Here 1 < j1 < k1 and 1 < j0 < k0, respectively. If ĵ′ = (1, j1, . . . , 1),
α and αĵ1

are connected in Cm. We have the same conclusion when ĵ′ =
(j0, k1, 1, . . . , 1).

Suppose α = α(i,j,s). Then s = 1. If i ≥ 2 or i = 0, j = 1 and
⟨α(i,1,1), αĵ0

⟩ < 0. If i = 1, j = k1 and ⟨α(i,1,1), αĵ1
⟩ < 0. Hence α and αĵ1

are connected in Cm and so are αĵ and αĵ1
.

In the same way as above we have the same conclusion when ĵ = ĵ3.
Thus we have the claim.

If N = 0, #J = 1 and the Dynkin diagram of Cm is star-shaped and
hence connected.

Lastly assume N = 1. If there exists i ∈ {2, . . . , p} such that li,1 > 1,
then ⟨αĵ , α(i,1,1)⟩ = −1 for any ĵ ∈ Ī ∩J and therefore the Dynkin diagram
of Cm is connected. Hence we assume li,1 = 1 for all i ∈ {2, . . . , p}. If
⟨αĵ0

, αj⟩ = 0 for any ĵ ∈ (Ī∩J )\{ĵ0}, then ⟨α(m), αĵ0
⟩ = 2mĵ−m(0,1,1) > 0,

which contradicts to the fact that α(m) is basic. Hence there exists ĵ ∈ Ī∩J
satisfying ⟨αĵ0

, αĵ⟩ < 0. Then the relation (26) assures ⟨αĵ0
, αĵ′⟩ < 0 or

⟨αĵ , αĵ′⟩ < 0 for any ĵ′ ∈ (Ī ∩J ) \ {ĵ0, ĵ}, which proves that αĵ0
and αĵ′ are

connected in Cm and moreover Cm is connected.
ii) The claim easily follows from the definition of the index and the

connectedness of the Dynkin diagram of Cm.
iii) We may assume ⟨αi1 , αi2⟩ ≤ −2. If mi1 < mi2 , we have

idxm ≤ ⟨α(m),mi1αi1⟩
≤ m2

i1 +mi1mi2⟨αi1 , αi2⟩
≤ m2

i1(1 + ⟨αi1 , αi2⟩) +mi1⟨αi1 , αi2⟩
≤ m2

i1(1 + ⟨αi1 , αi2⟩) +m2
i1⟨αi1 , αi2⟩,

⟨αi1 , αi2⟩ ≥
idxm

2m2
i1

− 1

2
.

If mi1 = mi2 , we have

idxm ≤ ⟨α(m),mi1αi1⟩+ ⟨α(m),mi2αi2⟩
≤ 2m2

i1 + 2mi1mi2⟨αi1 , αi2⟩+ 2m2
i2 ,

⟨αi1 , αi2⟩ ≥
idxm

2mi1mi2

− 2.

Hence we have ⟨αi1 , αi2⟩ ≥ 1
2 idxm − 2 and the equality implies mi1 = mi2

and moreover mi,1 = 1 if idxm ̸= 0. It follows from the claim ii) that
the equality implies that the shape of α(m) is the one in (32) with k =
2− 1

2 idxm.
iv) Since ⟨αĵ0

, αĵ1
⟩ ≤ 2− 2N , the claim in iii) implies that in iv).
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v) Put A = Ī ∩ J and B = Ī \A.
Let (i, j, s) ∈ B with s ≥ 2. Then m(i,j,s−1) > m(i,j,s) > mi,j,s+1 ≥ 0 and

{i ∈ I | ⟨α(i,j,s), αi⟩ < 0} ⊂ {(i, j, s− 1), (i, j, s+ 1)}. Hence iν ̸= (i, j, s) for
ν = 1, . . . ,K.

Note that ⟨α(i,j,1), α(i′,j′,1)⟩ = 0 for two different elements (i, j, 1) and
(i′, j′, 1) of B. Hence there exists no constant connected sequence in B.

If N = 0, then #J = 1 and it is clear that there is no constant connected
sequence.

Suppose N ≥ 3. Then αĵν
/∈ I0 for ν = 0 and 1 and moreover ⟨αĵ , αĵ0

⟩ ≤
−2 or ⟨αĵ , αĵ1

⟩ ≤ −2 for any ĵ ∈ A. Hence there exists no constant con-
nected sequence in I0.

Suppose N = 2 and K = 3. If ĵ ∈ A \ {ĵ0, ĵ1, ĵ2, ĵ3}, then ⟨αĵ , αĵ0
⟩ ≤ −2

or ⟨αĵ , αĵ1
⟩ ≤ −2. Hence i2 = ĵ2 or i2 = ĵ3. Since {ĵ2, ĵ3} ̸⊂ A, the

length of the constant connected sequence in I0 is not larger than 3 and the
corresponding claim in iii) is valid.

Lastly suppose N = 1. Suppose K = 2 and i2 ∈ B. Then i1 =
(j1, 1, . . . , 1) ∈ A and i2 = (0, j1, 1) or i2 = (i, 1, 1) with i > 0. If i2 =
(0, j1, 1), then mi1 > mi2 , which implies i2 = (i, 1, 1) and ⟨αĵ , αi2⟩ < 0 for

any ĵ ∈ A.
Fix a constant connected sequence in I0. The number M of the elements

αi in the sequence with i ∈ B is not larger than 2. If M > 0, the number of
the elements αj with j ∈ A in the sequence is not larger than 2 and therefore
K ≤ 4. If M > 0 and K = 4, then M = 2 and the shape of α(m) is the one
given in v).

Suppose M = 0 and K ≥ 4. Put iν = (jν , 1, . . . , 1) ∈ A for ν = 1, . . . ,K.
Since ⟨αi1 , αi3⟩ = 0 we have ⟨αi3 , αi4⟩ = 0 if ⟨αi1 , αi4⟩ = 0. Hence K = 4
and ⟨αi1 , αi4⟩ < 0 and the condition i1 ∈ I0 shows the claim v).

3.3.1 The finiteness of basic pairs

We show the finiteness theorem which is an analogue of Theorem 2.2.
We say that a basic pair (m, L) is indivisible if the greatest common

divisor of {mi,j,s | i = 0, . . . , p, j = 1, . . . , ki, s = 1, . . . , li,j} is 1 for m =(
(mi,j,1, . . . ,mi,j,li,j )

)
0≤i≤p
1≤j≤ki

.

We also say that a basic pair (m, L) is reduced when we have li,1 > 1 for
all i = 0, . . . , p satisfying ki = 1 (cf. Remark 3.5).

Theorem 3.24 (Corollary of Theorem 2.2). Fix an integer r ≥ 0. If r >
0, then there exist only a finite number of reduced basic pairs (m, L) with
idxm = −r. Moreover there exist only a finite number of reduced indivisible
basic pairs (m, L) with idxm = 0.

Proof. Theorem 3.24 and Lemma 3.23 assure that there are only finite possi-
bilities of shapes of α(m). Hence there exists a positive integer nr such that
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rankm ≤ nr. Hence the theorem is reduced to the following lemma.

Lemma 3.25. Fix integers n > 0 and r. Then there exist a finite number
of reduced basic pairs (m, L) satisfying rankm ≤ n and idxm ≥ −r.

Proof. Let (m, L) be a reduced basic pair satisfying the assumption. Since∑v
u=1 e

2
u−

(∑v
u=1 eu

)2 ≤ −2 if v ≥ 2 and eu ∈ Z>0 for u = 1, . . . , v, we have

idxm+

p∑
i=0

∑
1≤j ̸=j′≤ki

di(j, j
′)

( li,j∑
s=1

mi,j,s

)( li,j′∑
s′=1

mi,j′,s′

)

=

p∑
i=0

( ki∑
j=1

li,j∑
s=1

m2
i,j,s − (rankm)2

)
+ 2(rankm)2

≤ −2(p+ 1) + 2(rankm)2

by putting m =
(
(mi,j,1, . . . ,mi,j,li,j )

)
0≤i≤p
1≤j≤ki

, which implies

2(p+ 1) ≤ r + 2n2,

di(j, j
′) ≤ 2n2 − 2(p+ 1) + r

≤ 2n2 + r − 2 (0 ≤ i ≤ p, 1 ≤ j < j′ ≤ ki).

This shows the lemma.

3.3.2 The classification of basic pairs with idx 0

We shall give lists of shapes of basic pairs of index 0 and −2. First we
consider basic pairs of index 0.

Theorem 3.26. If a basic pair (m, L) satisfies idxm = 0, then its shape is
one of the following.

m�������� 2m�������� 3m�������� 2m�������� m��������2m��������m��������
m�������� 2m�������� 3m�������� 4m�������� 3m��������2m��������

2m�������� m��������
2m�������� 3m�������� 4m�������� 5m�������� 6m�������� 4m�������� 2m��������m�������� 3m��������

2m�������� m��������m��������
m��������

m��������
m�������� m��������m�������� m��������

(m)(m),mm,mm

((m)(m))((m)(m))

m�������� m��������m��������
����

6666

((m))((m)),mm

((m))((m))((m))

m�������� m��������
(((m)))(((m)))

m− a��������m− a��������
�����
�����

a��������
a��������??

??
?
??

??
?

(a ∈ Z)
(m)(m), (m)(m)
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Here m are arbitrary elements in Z>0. We simply write sets {xa | a ∈ Z}
and {x} by xa (a ∈ Z) and x, respectively. The sequences of integers written
under the shapes except for star-shaped ones stand for the corresponding
basic pairs (m, L).

Proof. Retain the notation in the proof of Lemma 3.23. We may assume m

is indivisible. If N = 2, the shape of α(m) is
1�������� 1�������� . Then rankm = 2

and the shape of (m, L) is the last shape in the above list with m = 1.
Then we may assume N ≤ 1 and the shape of (m, L) corresponds to the

shape of α(m). Hence the claim in §2.3, Lemma 3.21 and Lemma 3.23 show
the theorem.

Remark 3.27. We shall explain the notation expressing (m, L) in Theo-
rem 3.26. The number of parentheses ( ) represents the number di(j, j

′). For
instance, if (m, L) is written by

· · ·mi,j,1mi,j,2 . . .mi,j,li,j ))((mi,j′,1mi,j′,2 · · · ,

then we can see the double parenthesis (( )) between mi,j,1 . . . , and mi,j′,1 . . ..
This means di(j, j

′) = 2. Let us see an example. Consider a basic pair
(m, L) where p = 1, (k0, k1) = (2, 3), (l0,1, l0,2, l1,1, l1,2, l1,3) = (1, 2, 1, 1, 2)
and (d0(1, 2), d1(1, 2), d1(2, 3), d1(1, 3)) = (1, 1, 2, 2).

Then m = ((mi,j,1, . . . ,mi,j,li,j )) 0≤i≤p
1≤j≤ki

is written by

(m0,1,1)(m0,2,1m0,2,2), ((m1,1,1)(m1,2,1))((m1,3,1m1,3,2)).

Remark 3.28. In the above list of shapes, we omit the corresponding (m, L)
for star-shaped diagrams. For these cases (m, L) are obtained as follows.

Consider a shape
n0�������� n1,1�������� n1,2�������� · · ·

n2,1��������III
III

n2,2�������� · · ·

n0,1��������
yyyyyy

n0,2�������� · · ·

...
...

np,1��������222222
22
22

np,2�������� · · ·

and put m(i,1) = n0−ni,1, m(i,j+1) =

ni,j − ni,j+1, m(i,0) =
∑

0≤k≤p
k ̸=i

nk,1 − n0 and m(0) =
∑p

i=0 ni,1 − n0. Then

the shape corresponds to the following 5 types of (m, L) with 0 ≤ i ≤ p.

m(0,1)m(0,2) . . . , m(1,1)m(1,2) . . . , . . . , m(p,1)m(p,2) . . . ,

m(0)n0, (m(0,2)m(0,3) . . .) . . . (m(p,2)m(p,3) . . .),

m(i,0)m(i,1) . . . , (m(0,2)m(0,3) . . .) . . . (m(i−1,2) . . .)(m(i+1,2) . . .) . . . ,

((m(i,1)m(i,2) . . .))((m(0,2)m(0,3) . . .) . . . (m(i−2,2) . . .)(m(i+1,2) . . .) . . .),

((n0))((m(0,2)m(0,3) . . .) . . . (m(p,2)m(p,3) . . .)).
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In [12], K. Takemura obtains a part of the classification in Theorem 3.26
under some conditions (see Proposition 4.3 in [12]).

3.3.3 The classification of basic pairs with idx − 2

We shall give a classification of basic pairs of idx − 2.

Theorem 3.29. Let (m, L) be a basic pair with idxm = −2. Then its
shape is one of the following.

Case 1: a
·�������� 1− a

·��������
1− a

·�������� a
·��������??

??
?

??
??

?
??

??
?

��
��
�

��
��
�

��
��
�

((1))((1)), (1)(1)

(a ∈ Z)

1− a
·��������

1− a
·�������� 1��������HHH
H

vvvv

a
·��������
a
·��������vvv

v
HHHH

(1)(1), (1)(1), 11

(a ∈ Z)

2− a
·�������� 2− a

·��������1��������a�������� 1��������a− 1
·��������

(1)(11), (1)(11)

(a ∈ Z)
2− a�������� 2− a

·�������� 1�������� a
·�������� a��������

(2)(2), (2)(11)

(a ∈ Z)

a�������� b�������� 2− a− b��������
1− a

·��������
1− b
·��������

a+ b− 1
·��������55

55
55

55
55
55

HH
HH

HH
HH

H

HH
HH

HH
HH

H

		
		
		

		
		
		

55
55
55

55
55
55

vv
vv
vv
vv
v

vv
vv
vv
vv
v

		
		
		

		
		
		

(1)(1)(1), (2)(1)

(a, b ∈ Z)
a− 1

·�������� a�������� 2�������� 3− a�������� 2− a
·��������1��������

(a ∈ Z)
(2)(2), (1)(111)

Case 2:
1
·�������� 1

·��������
((((1))))((((1))))

2�������� 2
·�������� 1��������

(((2)))(((11)))

1�������� 1
·�������� 1��������

(((1)(1)))(((1)))

1
·�������� 1

·��������1��������
����

6666

(((1)))(((1))), 11

Case 3:

2
·�������� 1��������iii

1��������66
6

1��������
1��������UUU
1����������� 2�������� 4�������� 2

·�������� 1��������2��������
2�������� 2��������1�������� 3�������� 2�������� 1��������1

·��������
1
·�������� 1

·�������� 4�������� 3�������� 2�������� 1��������2��������
2��������

2
·�������� 4�������� 6�������� 4�������� 2��������4�������� 2��������

1�������� 1�������� 2�������� 3�������� 4�������� 3��������2
·��������

2�������� 1��������
1��������
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2
·��������1�������� 4�������� 6�������� 8�������� 6��������4��������

4�������� 2�������� 2�������� 3�������� 4�������� 5�������� 6�������� 4�������� 2
·��������1�������� 1��������3��������

4�������� 6�������� 8�������� 10�������� 12�������� 8�������� 4��������2
·�������� 6��������

1�������� 1�������� 2�������� 3�������� 4�������� 5�������� 4�������� 3�������� 2�������� 1��������2
·��������

1�������� 2�������� 3�������� 4�������� 5�������� 6�������� 7�������� 8��������4�������� 5�������� 2
·�������� 1

·�������� 4�������� 7�������� 10�������� 8�������� 6�������� 4�������� 2��������5��������
1
·�������� 3�������� 5��������3��������

1·��������
4�������� 3�������� 2�������� 1�������� 2

·�������� 2��������uu
2��������II

1��������
((2))((2))((11))

((2))((11)), 22

((2))((2)), 211

2�������� 2��������uu
1
·��������II

1�������� 1��������
((11))((11))((1))

((11))((1)), 111

((11))((11)), 31

2
·�������� 2��������2�������� 2��������

1��������
((2)(2))((2)(11))

(2)(2), 22, 211

(2)(11), 22, 22

2�������� 2��������2�������� 1
·��������

1��������1��������
((11)(11))((2)(1))

(11)(11), 22, 31

(2)(1), 111, 111

2�������� 1
·��������2�������� 1
·��������

1��������1��������
((11)(1))((11)(1))

((11)(1)), 21, 111

3�������� 2��������2�������� 1
·��������

2��������1��������
((1)(111))((2)(2))

(1)(111), 22, 22

(2)(2), 31, 1111

1 ·�������� 1��������
1 �������� 1·��������1��������???

???

((1)(1))((1)(1)(1))

(1)(1), 11, 11, 11

(1)(1)(1), 21, 21

1
·�������� 1��������1�������� 1

·�������������

((1))((1))((1)(1))

((1))((1)), 11, 11

Here we simply denote the sets {xa | a ∈ Z} and {y} by xa (a ∈ Z) and y,
respectively. The sequences of integers written under the shapes except for
star-shaped ones stand for the corresponding basic pairs (m, L).

Retain the notation in the previous section. To prove the theorem we
may assume k0 ≥ k1 ≥ · · · ≥ kN−1 > kN = · · · = kp = 1 and lN,1 ≥ lN+1,1 ≥
· · · ≥ lp,1 > 1. Note that Lemma 3.23 iv) assures N ≤ 2.

Then the proof of the theorem deduced to the following three lemmas.

Lemma 3.30. Suppose N = 2. Then the shape of α(m) is one of the
following.
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1�������� 1�������� 1�������� 1��������1��������
��
��
6666 1�������� 1��������

1��������
1������������� 1��������??

??
?

��
�((

(

2�������� 2�������� 1�������� 1�������� 1�������� 1�������� 1�������� 2�������� 1��������1��������
1�������� 2�������� 2�������� 1��������1��������

Moreover the shape of (m, L) is one of the shapes in Case 1 in Theorem 3.29.

Proof. Use the notation in Lemma 3.23.
First suppose k0 ≥ 3. Then there exists ĵ = (2, l, 1 . . . , 1) ∈ J ∩ Ī. If

l ̸= 1, ⟨αĵ , αĵ1
⟩ ≤ −2. If l ̸= k1, ⟨αĵ , αĵ0

⟩ ≤ −2. Since ⟨αĵ0
, αĵ1

⟩ ≤ −2, the

lists in §2.4 show that the shape of α(m) equals E)
1�������� 1��������

αĵ

1�������� .

If p ≥ 3, the Dynkin diagram of {αĵ0
, αĵ1

, α(2,1,1), α(3,1,1)} equals u
αĵ0

��������
αĵ1

���������������� ��������
�����

?????

with u = −⟨αĵ0
, αĵ1

⟩ ≥ 2, which contradicts to the lists in §2.4.
Next suppose k0 = k1 = 2 and p ≤ 2. Then #(Ī∩J ) ≤ 3 and the support

of α(m) is a subset of the set of simple roots whose Dynkin diagram is

u

αĵ

��������
αĵ1��������

s

αĵ0

�������� t

rrrrrrrrrrrr
α(1,1,1)��������

α(0,1,1)
�������� oooooooooooo

α(1,2,1)��������
zz
zz
zz
zz
z

α(2,1,1)��������LLLLLLLLLLLL
α(0,2,1) ��������

(ĵ = (1, 2, 1, . . . , 1)),

where s, t ≥ 0, u = s+ t+2 ≥ 2 and ĵ = (1, 2, 1 . . . , 1) or ĵ = (2, 1, 1, . . . , 1).
Here the Dynkin diagram in the case ĵ = (2, 1, 1 . . . , 1) is similar as above
and hence we assume ĵ = (1, 2, 1 . . . , 1). Then the lists in §2.4 tell us that
the shape of α(m) is one of the following.

A)
αĵ0

1��������
αĵ1

1�������� B)
αĵ0

1��������
αĵ1

1��������α(2,1,1)
1��������

��
��
6666

C)
αĵ0

1��������
αĵ1

1��������αĵ

1��������
α(0,1,1)

1������������� α(1,2,1)
1��������??

??
?

��
�(((

,
αĵ0

1��������
αĵ1

2��������
α(1,2,1)

1��������α(0,2,1) 1��������

D)
αĵ0

2��������
αĵ1

2��������
α(1,2,1)

1�������� F )
αĵ0

1��������
αĵ1

2��������
α(1,2,1)

2��������
α(1,2,2)

1��������αĵ 1��������
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Here s = t = 0 when mĵ > 0 and the simple roots indicated in the shape
are examples corresponding to the shapes.

Since α ∈ QL and Φ(α) = m, m is uniquely determined from α(m) for
fixed L. Then if we write the shapes of (m, L) from the shapes A), B),
C), D), E) and F ), then we have the shapes in Case 1 in Theorem 3.29,
respectively. Here we note that the shapes of α(m) labeled by C) correspond
to a single shape of (m, L), which is the third one in Case 1.

Next consider the case N = 1. We notice that Φ is injective in this
case. Hence the shape of (m, L) consists only of the shape of α(m). Put
J0 := {1, . . . , k0} for simplicity.

Lemma 3.31. Retain the notation above. If max{d0(j, j′) | j, j′ ∈ J0} ≥ 3,
the shape of α(m) is one of the shapes in Case 2 in Theorem 3.29.

Proof. Lemma 3.23 proves max{d0(j, j′) | j, j′ ∈ J0} ≤ 4 and the equality
means that the shape of α(m) is the first one in Case 2.

Suppose max{d0(j, j′) | j, j′ ∈ J0} = 3. We may assume d0(1, 2) = 3.
Put ĵν = (ν, 1, . . . , 1).

If p ≥ 1, the Dynkin diagram of {αĵ , αĵ′ , α(1,1,1)} equals
αĵ1

��������
αĵ2

��������α(1,1,1)��������
����

6666

and the lists in §2.4 show that the shape of α(m) is the last one in Case 2.
If k0 = 2, the shape of α(m) is

αĵ1

��������
αĵ2

���������������� �������� and the lists in §2.4 show

that the shape of α(m) is the second one in Case 2.
Suppose k0 ≥ 3, Then d0(1, 3) = 3 or d0(2, 3) = 3 by the relation (26).

Hence the lists in §2.4 show that k0 ≤ 3 and moreover that if k0 = 3, the
shape of α(m) is the third one in Case 2.

Lemma 3.32. If max{d0(j, j′) | j, j′ ∈ J0} ≤ 2, the shape of α(m) is one
of the shapes in Case 3 in Theorem 3.29.

Proof. Define the coset decomposition of J0 by the following relation: for
distinct j, j′ ∈ J0, j and j′ are in the same coset if and only if d0(j, j

′) = 1.
Put J̃0 = J0∪{(j, 1, 1) | j = 1, . . . , p} and define the coset decomposition

J̃0 =
⨿q

j=1 J(q) so that the coset is one of the cosets of J0 or {(j, 1, 1) | j =
1, . . . , p}. We may assume #J(1) ≥ #J(2) ≥ · · · ≥ #J(q) ≥ 1.

Then we have q ≤ 3, #J(2) ≤ 2 and if q = 3, then #J(2) = 1 and
#J(1) ≤ 2. Moreover if #J(2) = 2, then #J(1) ≤ 3. In fact, if this is not
valid, suppα(m) contains a set of simple roots with the Dynkin diagram

1�������� 2��������3�������� 4�������������

????? or
1��������2�������� 2�������������

2��������oooooooo
1��������??

??
?

1��������OOO
OOO

OO �����

?????
����� or 3�������� 1�����������

2��������???

2��������???
1����������� or

1�������� 2����������
�

1��������111 1��������KKK
KKK 3��������ssssss




--- or

1�������� 2��������
��
��

1��������((( 1��������FF
FF

F

1��������QQQ
QQQ

QQQ 2��������mmmmmmmmm

mmmmmmmmm
xxxxx
���
6666 ,
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which contradicts to the classification in §2.4. Here i�������� corresponds to a
simple root in J(i).

If q = 1 or q = 2 and #J(2) = 1, the Dynkin diagram of the support of
α(m) is star-shaped. Otherwise it is one of the following:

��������
��������
1�������� 2����������������
3�������� 1����������������????? ��������1�������� 2��������3��������

66
66

��
�� ��������
��������

��������
��������
1�������� 2����������������
2�������� 1����������������

1��������???? �������� ��������
��������
1�������� 2����������������
2�������� 1����������������

Hence we have the lemma from the classification in §2.4.

Remark 3.33. We mention about a related work by H. Kawakami, A. Naka-
mura and H. Sakai in [5]. They consider systems of first order differential
equations with index of rigidity −2 whose singular points are regular singu-
lar or unramified irregular singular points. These equations are obtained by
the confluence of singular points from Fuchsian systems of first order differ-
ential equations with index of rigidity −2 whose spectral types are basic in
the sense of Definition 3.16. We notice that spectral types can be defined for
systems of first order differential equations (see [9] for instance).

We regard these spectral types as elements in lattices of spectral types
and write their shapes as in §3. Then the list of shapes of these spectral
types in [5] and our list of shapes of basic pairs with index −2 coincide with
each other.

This coincidence is no more valid in the case when the index of rigidity
is −4. Let P be a differential operator with the shape of the spectral type

2
·�������� 3�������� 2�������� 1�������� , which represents a basic root with index −4. Then P is of

order 5 and has an unramified irregular singular point. The operator P is
obtained by a confluence of four regular singular points of a Fuchsian dif-

ferential equation with the shape of the spectral type
2�������� 5��������2�������� 3��������

2�������� 2�������� 1�������� ,
which does not corresponds to a basic root. Note that any Fuchsian differ-
ential equation of order 5 with a basic spectral type and index −4 has only
three singular points (see [9, 10]).
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